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Abstract. Our aim is to construct and compute efficient generating func-
tions enumerating the k-ary Lyndon words having prime number length
which arise in many branches of mathematics and computer science.
We prove that these generating functions coincide with the Apostol–
Bernoulli numbers and their interpolation functions and obtain other
forms of these generating functions including not only the Frobenius–
Euler numbers, but also the Fubini type numbers. Moreover, we derive
some identities, relations and combinatorial sums including the numbers
of the k-ary Lyndon words, the Bernoulli numbers and polynomials, the
Stirling numbers and falling factorials. Using these generating functions
and recurrence relation for the Apostol–Bernoulli numbers, we give two
algorithms to compute these generating functions. Using these algo-
rithms, we compute some infinite series formulas including the number
of the k-ary Lyndon words on some special classes of primes with the
purpose of providing some numerical evaluations about these generat-
ing functions. In addition, we approximate these generating functions
by the rational functions of the Apostol–Bernoulli numbers to show that
the complexity of the aforementioned algorithms may be decreased by
means of approximation method which are illustrated by some numeri-
cal evaluations with their plots for varying prime numbers. Finally, using
Bell polynomials (i.e., exponential functions) approach to the numbers
of Lyndon words, we construct the exponential generating functions for
the numbers of Lyndon words. Finally, we define a new family of special
numbers related to these special words and investigate some of their
fundamental properties.
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1. Introduction

In 1954, famous mathematician Lyndon [27] defined so-called Lyndon words
which arise in many areas of mathematics, computer science and biological
sciences. Their potential usage in mathematical modelling have made these
words even more attractive to the researchers. Especially, in algebra and
algebraic combinatorics there exists various papers on some formulas corre-
spond not only the numbers of these words, but also dimensions related to
free monoid theory and free lie algebra. Moreover, the subject of algorithmic
complexity and algorithm desing for generating these words have been stud-
ied by many authors in recent years (cf. [6,10,11,16–18,22,26–28,33,52]).

For a more detailed understanding about the Lyndon words, we need the
following definitions and brief preliminary informations about these special
words.

The Lyndon word is a lexicographically smallest in its conjugate class
which is a set formed by cyclically shifting of the letters in the word. These
words are called k-ary Lyndon word of length n if it is derived from the k-
letter finite lexicographically ordered alphabet Σ and it has n digits (cf. [26]).
Here, lexicographical order means a dictionary order (cf. [36]; and see also the
references cited therein). It is well-known that primitive combinatorial neck-
laces have recently been studied as representative of these words (see [6,28];
and also the references cited therein). Therefore, we recall some information
about the combinatorial necklace and their periodicity and primitiveness con-
cepts. In the work of Metropolis and Rota [28], a combinatorial necklace is
defined as the result of placing n colored beads around a circle when given a
set of k distinct colours. Figure 1 provides an example of combinatorial neck-
lace for k = 2 and n = 8, that is, the following figure describes how binary
words are represented by a combinatorial necklace with 8 colored beads.

In Fig. 1, blue and red beads are represented by letter 0 and letter 1, re-
spectively. Then, the rotations on the combinatorial necklace are representing
8 different words given by the following set:

{10101101, 01011011, 10110110,

01101101, 11011010, 10110101, 01101011, 11010110}.

Observe that all words in the above list are equivalent according to rotation
process. One can easily see that these words are generated by the combina-
torial necklace in Fig. 1 and they are belongs to the set of all conjugates
(rotations) of a given word above. Hence, the aforementioned combinato-
rial necklace is called conjugacy class of all strings above. If representative
word of a combinatorial necklace can be expressed by a positive power of
a shorter word, then the combinatorial necklace is called periodic necklace.
Otherwise, the combinatorial necklace is called aperiodic(primitive) necklace.
According to work of Cusick and Stanica [14, p. 36], a k-ary necklace is an
equivalence class of k-ary words under rotation. As a representative of such
an equivalence class one takes the smallest in the lexicographical order (as
in dictionary). That is, it may be said that aperiodic necklace class repre-
sentative with n digits is called a k-ary Lyndon word of length n over the
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Figure 1. A combinatorial necklace

Figure 2. Examples for the periodic and aperiodic necklaces
with their representative words

k-letter alphabet Σ. For detail information about properties of the aperiodic
(primitive) words, readers may consult [6,28].

Figure 2 shows an example of periodic and aperiodic necklaces with their
representative words. Observe that representative word of the left necklace,
011011 = (011)2 can be expressed a positive power of a shorter word. There-
fore, the left necklace and its representative word 011011 are called periodic.
But, on the right necklace is aperiodic necklace, because its representative
word 001011 can not be written in terms of a shorter word. Thus, it is clear
that 001011 is a 2-ary Lyndon word of length 6.

In addition, by replacing 6 colored beads in different combination ob-
tained all 2-ary Lyndon words of length 6, over the lexicographically ordered
2-letter alphabet Σ = {0, 1}, are given as follows:

{000001, 000011, 000101, 000111, 001011, 001101, 001111, 010111, 011111}.

For positive integer n, the lexicographical concatenation of Lyndon
words of length dividing n generates a de Bruijn sequence of order n which
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Table 1. Some numerical values of Lk(n)

k
1 2 3 4 5 6 7 8 9

1 1 2 3 4 5 6 7 8 9
2 0 1 3 6 10 15 21 28 36

n 3 0 2 8 20 40 70 112 168 240
4 0 3 18 60 150 315 588 1008 1620
5 0 6 48 204 624 1554 3360 6552 11808

is defined as a cyclic sequence of length kn in which each probable word of
length n over the k-letter alphabet appears consecutively as a subword ex-
actly once. The number of k-ary Lyndon words having length n, denoted by
Lk (n), is given by the following explicit formula (cf. [6,14,26,36]):

Lk(n) =
1
n

∑

d|n
μ

(n

d

)
kd,

(
k, n ∈ Z

+
)

(1.1)

so that the sum is over all positive divisors of n and μ denotes the Möbius
function defined by (cf. [2]):

μ (n) =

⎧
⎪⎨

⎪⎩

1 if n = 1,

(−1)r if n is a product of r distinct primes,
0 if n is not square-free.

Using Eq. (1.1), we compute a few values of the number of k-ary Lyndon
words of length n, Lk(n) for n = 1, 2, 3, 4, 5 and k = 1, 2, 3, 4, 5, 6, 7, 8, 9 as
seen in Table 1.

For example, from Table 1, one may see that the number of 3-ary Lyndon
words of length 4 is 18.

Remark 1.1. In addition to counting the k-ary Lyndon words of length n,
Eq. (1.1) is well-known as Witt’s formula, which is used to count the number
of monic irreducible polynomials of degree n over Galois field with k elements.
We observe that there are connections between the aforementioned formula
and dimension formula for the homogeneous subspaces of the free Lie algebra
and the rank of the free abelian quotient. Furthermore, Witt’s formula is also
called necklace polynomial when used to count the number of k-ary aperiodic
(primitive) necklaces of length n (cf. [10,22,25,27,33,52]).

Using (1.1), we can easily get the following explicit formula for the
numbers of the k-ary Lyndon words of length prime-power pm, Lk (pm):

Lk (pm) =
kpm−1(

kpm−1(p−1) − 1
)

pm
, (1.2)

where p is a prime number and m is a positive integer.



MJOM Analysis of Generating Functions for Special Words. . . Page 5 of 22 268

Recently, generating function methods are used in almost all branches
of mathematics, mathematical physics and other related areas. Therefore, be-
cause of power of generating functions, the main motivation and purpose of
this paper is to construct and compute efficient generating functions enumer-
ating the k-ary Lyndon words having prime number length and give numerical
evaluations for these functions with their graphs.

Throughout this paper, let p denote any prime number. Then, in [25],
we defined the generating functions for the numbers of the k-ary Lyndon
words of lenght p as follows

fLB
(t, p) =

∞∑

k=1

Lk(p)tk, (1.3)

where |t| < 1.
Note that there is one generating function for each value of p.
In this paper, we provide an explicit formula for these generating func-

tions including the Apostol–Bernoulli numbers Bn(t) are given by the fol-
lowing theorem which is proved in Sect. 2.

Theorem 1.1. Let p be a prime number. Then

fLB
(t, p) =

B2(t)
2p

− Bp+1(t)
p(p + 1)

, (1.4)

where Bp(t) denotes the Apostol–Bernoulli numbers which are rational func-
tions of parameter t.

We summarize our paper as follows:
In Sect. 2, we recall some definitions and identities related to the

Apostol–Bernoulli numbers and polynomials and the unified zeta-type func-
tions. Using these numbers and functions, we prove Theorem 1.1. Moreover,
we introduce other forms of the generating functions fLB

(t, p), including not
only the Frobenius–Euler numbers, but also the Fubini type numbers.

In Sect. 3, we derive some identities, relations and combinatorial sums
including the numbers of the k-ary Lyndon words, the Bernoulli numbers and
polynomials, the Stirling numbers and falling factorials.

In Sect. 4, we give an efficient computation algorithm for Apostol–
Bernoulli numbers, as well as the generating functions of the number of k-ary
Lyndon words with prime number length. By applying these algorithms, we
give some numerical computations of the generating functions on the some
special classes of primes. We also give some observations and remarks on our
computations and also classes of prime numbers.

In Sect. 5, we plot graphics of the generating functions fLB
(t, p) for

varying prime numbers to demonstrate the effects of prime numbers on the
shape of the curve. We also present a weighed approximation of the generat-
ing functions fLB

(t, p) by rational functions and also plot their graphics for
certain values of prime numbers.

In Sect. 6, using Bell polynomials (i.e., exponential functions) approach
to the numbers of Lyndon words, we construct the exponential generating
functions for the numbers of Lyndon words. We define a new family of special
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numbers related to these special words, and we investigate their fundamental
properties.

2. Relation Between the Functions fLB
(t, p) and

Interpolation Functions of the Apostol–Bernoulli Numbers

In this section, we prove a relation between the generating functions fLB
(t, p)

and the Apostol–Bernoulli numbers by using their interpolation functions
reduced from the unified zeta-type functions. With the aid of some relations
between the Apostol–Bernoulli numbers, the Frobenius–Euler numbers and a
new family of numbers related to the Fubini type numbers, we also construct
other forms of the generating functions fLB

(t, p) related to not only the
Frobenius–Euler numbers, but also the Fubini type numbers.

To give our results in this section, we recall some definitions and iden-
tities related to the Apostol–Bernoulli numbers and the unified zeta-type
functions:

We firstly recall the Apostol–Bernoulli polynomials Bk(x, t) defined by
means of the following generating function [1]

zezx

tez − 1
=

∞∑

k=0

Bk(x, t)
zk

k!
, (2.1)

where |z| < 2π when t = 1 and |z| < | log t| when t �= 1 and t ∈ C. From the
above generating function, we have

Bm(x, t) =
m∑

j=0

(
m

j

)
xm−jBj(t), (2.2)

where m is a positive integer.
Bm(t) = Bm(0, t) denotes the Apostol–Bernoulli numbers which are

defined by means of the following generating function

z

tez − 1
=

∞∑

k=0

Bk(t)
zk

k!
, (2.3)

(cf. [1,8,20,32,45,48,50,51]; and the references cited therein).
Using the Umbral calculus convention in Eq. (2.3), one can easily have

the following recurrence relation

Bm(t) =
t

1 − t

m−1∑

j=0

(
m

j

)
Bj(t), m ≥ 2, (2.4)

with B0(t) = 0 and B1(t) = (t − 1)−1.
Using this recurrence relation, one may compute the values of the

Apostol–Bernoulli numbers,

B2(t) =
−2t

(t − 1)2
, B3(t) =

3t(t + 1)
(t − 1)3

, B4(t) =
−4t(t2 + 4t + 1)

(t − 1)4
,

B5(t) =
5t(t3 + 11t2 + 11t + 1)

(t − 1)5
, B6(t) =

−6t(t4 + 26t3 + 66t2 + 26t + 1)
(t − 1)6

,
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B7(t) =
7t

(
t5 + 57t4 + 302t3 + 302t2 + 57t + 1

)

(t − 1)7
,

etc.
Using ϕ-polynomials introduced in [30] by

ϕk(t) = (1 − t)k + t

k∑

ν=1

(
k + 1

ν

)
(1 − t)ν−1ϕk−ν(t), k ≥ 0, (2.5)

where the sum on the right hand side in (2.5) is empty for k = 0, the Apostol-
Bernoulli numbers can be expressed in the form

Bm(t) = (−1)m−1m
tϕm−2(t)
(t − 1)m

, m ≥ 1. (2.6)

As we mentioned in [30], the polynomials ϕk(t) of degree k are monic, ϕk(0) =
1, ϕk(1) = (k + 1)!, and they are self-inversive, i.e., tkϕk(1/t) ≡ ϕk(t) (cf.
[29, pp. 16–18]). Also, an explicit determinant form of ϕk(t) has been given
in [30].

From the above expressions of the Apostol–Bernoulli numbers Bm(t),
we see that they are rational functions of the parameter t, with a pole of the
order m at t = 1.

Secondly, we also recall the generating functions for the unification of the
Bernoulli, Euler and Genocchi polynomials of higher-order, Y (ν)

n,t (x; k, a, b),
which has been recently defined by Aygunes and Simsek [3] for k ∈ N0 :=
N ∪ {0}(N := {1, 2, 3, . . .}); a, b ∈ R

+; t ∈ C:
(

21−kzk

tbez − ab

)ν

ezx =
∞∑

n=0

Y
(ν)

n,t (x; k, a, b)
zn

n!
, (2.7)

where x ∈ R. Note that for ν = 1 the above functions reduce to the unification
of the Bernoulli, Euler and Genocchi polynomials, Y (1)

n,t (x; k, a, b), which has
been given by Ozden et al. [31]. Also, note that

Y
(1)

n,t (k, a, b) = Y
(1)

n,t (0; k, a, b)

(cf. [3,31]).
For k, b ∈ N0 and ν ∈ N, the unification of the multiple Lerch-zeta type

functions ζ
(ν)
t (s, k, a, b), which also has been recently defined by Aygunes and

Simsek [3, p. 370, Definition 1] given as follows:

ζ
(ν)
t (s, k, a, b) = a−bν

(
−1

2

)(k−1)ν ∞∑

n=1

(
n + ν − 1

n

)
1
ns

(
t

a

)bn

, (2.8)

where s ∈ C when |t/a| < 1 and Re (s) > 1 when |t/a| = 1 and note that the
function ζ

(ν)
t (s, k, a, b) denotes the interpolation functions for the unification

of the Bernoulli, Euler and Genocchi numbers of higher orders at negative
integers (cf. [3]).

Remark 2.1. Substituting special value of a, b and k into (2.8), we have the
family of zeta functions such as the Hurwitz-Lerch zeta functions, the Hurwitz
zeta functions, the Riemann zeta functions and the others. For the family of
zeta functions, see following studies [1,3,24,31,32,37–45,47–49,51].
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Aygunes and Simsek [3, p. 371, Theorem 1] also proved the following
relation for r > kν:

ζ
(ν)
t (kν − r, k, a, b) = (−1)kν

Y
(ν)

r,t (k, a, b)
(

r

kν

)
(kν)!

. (2.9)

In the light of the above preliminaries, we give the following proof for
Theorem 1.1:

Proof of Theorem 1.1. Substituting s = −m and k = a = b = ν = 1 into
(2.8), we get

ζ
(1)
t (−m, 1, 1, 1) =

∞∑

n=1

tnnm. (2.10)

Also substituting r = 1 + m and k = a = b = ν = 1 into (2.9), we obtain

ζ
(1)
t (−m, 1, 1, 1) = −Y

(1)
1+m,t(1, 1, 1)

1 + m
. (2.11)

From (2.1) and (2.7), one can easily get

Y
(1)

n,t (1, 1, 1) = Bn(t). (2.12)

That is, in [3,31], we see that the functions ζ
(1)
t (−m, 1, 1, 1) interpolates the

Apostol–Bernoulli numbers by Eq. (2.11).
Therefore, by combining (2.10), (2.11) and (2.12) with (1.2) and (1.3),

we arrive at desired result. �
Remark 2.2. For p = 2, 3, 5, 7, 11, . . ., the generating functions fLB

(t, p) are

fLB
(t, 2) =

t2

(1 − t)3
,

fLB
(t, 3) =

2t2

(1 − t)4
,

fLB
(t, 5) =

6t2

(1 − t)6
(
t2 + 2t + 1

)
,

fLB
(t, 7) =

6t2

(1 − t)8
(
3t4 + 28t3 + 58t2 + 28t + 3

)
,

fLB
(t, 11) =

6t2

(1 − t)12
(
31t8 + 2312t7

+ 33388t6 + 147544t5 + 238250t4

+147544t3 + 33388t2 + 2312t + 31
)
,

fLB
(t, 13) =

210t2

(1 − t)14
(
3t10 + 542t9 + 16679t8

+ 155048t7 + 551510t6 + 833396t5

+551510t4 + 155048t3 + 16679t2 + 542t + 3
)
,

etc.
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By combining (2.4) and (2.6) with (1.4), we get the following result:

Corollary 2.1. Let p be a prime number. Then

fLB
(t, p) =

1
p

(
t

1 − t

)2 p−1∑

j=1

(
p

j

)
ϕj−1(t)
(1 − t)j

.

Alternatively,

fLB
(t, p) = − t

p(t − 1)

⎛

⎝ 1
t − 1

− 1
p + 1

p∑

j=0

(
p + 1

j

)
Bj(t)

⎞

⎠ .

2.1. Other Forms of the Generating Functions fLB
(t, p)

Here, we modify Eq. (1.4) using the following relationship between the
Apostol–Bernoulli numbers and the Frobenius–Euler numbers:

Bn(t) =
n

t − 1
Hn−1

(
1
t

)
, (2.13)

where n ≥ 1 and Hn(t) denotes the Frobenius–Euler numbers (cf. [24,41])
which are defined by means of the following generating function:

1 − t

ez − t
=

∞∑

n=0

Hn(t)
zn

n!
,

(cf. [21,23,37,38,43,44]; and the references cited therein).
By combining Theorem 1.1 with Eq. (2.13), we obtain another form of

the generating functions fLB
(t, p):

Theorem 2.1. Let p be a prime number. Then

fLB
(t, p) =

1
p(t − 1)

[
H1

(
1
t

)
− Hp

(
1
t

)]
. (2.14)

Here, we also give a further form of the generating functions fLB
(t, p)

using relations between the Frobenius–Euler numbers and the Fubini type
numbers.

In [39, Eq. (37), p. 21], Simsek defined a new family of numbers Yn(u; a)
by means of the following generating functions:

1
at − u

=
∞∑

n=0

Yn(u; a)
tn

n!
, (2.15)

where a ∈ R
+ with a ≥ 1 and u ∈ C \ {1}.

Using (2.15), Simsek [42] proved the following recurrence relation

Yn(u; a) =
1

u − 1

n−1∑

j=0

(
n

j

)
Yj(u; a) (log a)n−j

, n ≥ 1,

with Y0(u; a) = 1/(1 − u), as well as a relationship between the Frobenius–
Euler numbers and the numbers Yn(u; a) in the form

Hn(u) = −
n−1∑

j=0

(
n

j

)
Yj(u; e), n ≥ 1. (2.16)
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Substituting u = 2 and a = e into (2.15), we find the Fubini numbers
w(n) as (cf. [19])

w(n) = −Yn(2; e),

which count ordered partitions of nonempty subsets of the set {1, 2, . . . , n}
(cf. [13, p. 228]) and these numbers are also related to combination lock and
the de Bruijn sequences.

Thus, in the light of the above definitions, we give the following formu-
las related to the numbers Yj(u; e), the Fubini numbers and the generating
functions fLB

(t, p).
Combining (2.14) and (2.16), we get the other generating function for

Lk(p) as follows:

fLB

(
1
u

, p

)
= − u

p(1 − u)2
+

u

p(1 − u)

p−1∑

j=0

(
p

j

)
Yj(u; e).

Setting u = 2 in the above equation, we get the following identity for the
generating functions fLB

(t, p) including the Fubini numbers

fLB

(
1
2
, p

)
=

2
p

⎛

⎝−1 +
p−1∑

j=0

(
p

j

)
w(j)

⎞

⎠ .

3. Further Identities Related to the Bernoulli and Stirling
Numbers

There are various applications of the Bernoulli numbers and polynomials in
allmost all branches of Mathematics. One of them is the sum of powers of
consecutive integers including the Bernoulli numbers and polynomials. Using
this sum, we first derive an identity including the numbers Lk (n), Bernoulli
numbers and polynomials. Secondly, using this identity, we obtain combina-
torial sums. Moreover, using some relations related to the Stirling numbers
and falling factorials, we also obtain relations for the numbers Lk (n).

Now, we recall definition of the Bernoulli polynomials Bn (x) which are
defined by means of the following generating function:

tetx

et − 1
=

∞∑

n=0

Bn (x)
tn

n!
, (3.1)

where |t| < 2π and also Bn = Bn(0), which denotes the Bernoulli numbers
(cf. [5–47]; and the references cited therein). For the identities, relations and
formulas related to the Bernoulli numbers, the readers may consult [46].

The sum of powers of consecutive integers including the Bernoulli num-
bers and polynomials is given by

m∑

k=0

kn =
Bn+1(m + 1) − Bn+1

n + 1
(3.2)

(cf. [5, p. 279], [15,34,47,51]; see also the references cited therein).
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By applying Mobius inversion formula to Eq. (1.1), we have

kn =
∑

d|n
dLk(d). (3.3)

Hence, summing Eq. (3.3) over all 0 ≤ k ≤ m and combining with
Eq. (3.2), we obtain the following theorem:

Theorem 3.1. Let n ≥ 1. Then
∑

d|n
d

m∑

k=0

Lk(d) =
Bn+1(m + 1) − Bn+1

n + 1
. (3.4)

Using (3.1), the Eq. (3.4) is reduced to the following combinatorial iden-
tity:

∑

d|n
d

m∑

k=0

Lk(d) =
1

n + 1

n∑

j=0

(
n + 1

j

)
(m + 1)n+1−jBj .

Therefore, using Remark 5 in [40] with the definition of the second kind
Stirling numbers, we arrive at the following combinatorial sums:

Theorem 3.2. We have

∑

d|n
d

m∑

k=0

Lk(d)=
1

n + 1

n∑

j=0

j∑

�=0

�∑

c=0

(−1)�+c

(
�

c

)(
n + 1

j

)
(� − c)j

� + 1
(m + 1)n+1−j .

Observe that the above theorem gives us a way for direct computation
of the sums

∑

d|n
d

m∑

k=0

Lk(d),

without help of any special numbers or polynomials.
To give our results related to the Stirling numbers, it is time to recall

some definitions related to these numbers:
In [12, p. 202], a relation for the Stirling numbers of the second kind

S(n, k), including falling factorial (x)n, is given by
n∑

k=0

S(n, k)(x)k = xn, (3.5)

where (x)n = x(x − 1)(x − 2) · · · (x − n + 1) and the generating function for
these numbers is given by

∞∑

n=k

S(n, k)
xn

n!
=

1
k!

(ex − 1)k.

The recurrence relation for the Stirling numbers of the second kind are given
by

S(n, k) = S(n − 1, k − 1) + kS(n − 1, k) (3.6)
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and S(0, 0) = 1, S(n, k) = 0 if k > n; S(n, 0) = 0 if n > 0. Furthermore, the
falling factorial can be written in terms of the Stirling numbers of the first
kind s(n, k) as

(x)n =
n∑

k=0

s(n, k)xk (3.7)

(cf. [7,12,13,51]; and the references cited therein).
Well-known combinatorial interpretation of the Stirling numbers of the

second kind S(n, k) is that these numbers count the number of partitions of
a finite set of n elements into k subsets (cf. [12]) and note that the absolute
value of the Stirling numbers of the first kind, |s(n, k)| counts n-permutations
with k cycles (cf. [7,12]; see also the references cited therein).

Substituting (3.5) into left-hand side of (3.3), we have
∑

d|n dLk(d) =∑n
j=0 S(n, j)(k)j and combining the above equation with (3.7), we get the

following result:

Theorem 3.3. We have

∑

d|n
dLk(d) =

n∑

j=0

j∑

l=0

s(j, �)S(n, j)k�. (3.8)

If we replace kn in (1.1) by (3.5) and combining it with (3.7), we get
the following relations between the numbers Lk(n), the Stirling numbers of
the first kind and second kind:

Corollary 3.1. We have

Lk(n) =
1
n

∑

d|n
μ

(n

d

) n∑

j=0

S(n, j)(k)j

and

Lk(n) =
1
n

∑

d|n
μ

(n

d

) d∑

j=0

j∑

�=0

s(j, �)S(d, j)k�. (3.9)

Remark 3.1. Observe that Eq. (3.9) is the Mobius inversion of Eq. (3.8).

4. Computation Algorithms

In this section, using (2.4) and combining (2.4) with (1.4), we derive two
efficient computation algorithms. In the next section, by applying these algo-
rithms, we give some numerical applications related to the generating func-
tions fLB

(t, p).
Firstly, we give the computation algorithm for the Apostol–Bernoulli

numbers:
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Algorithm 1 Let m be a nonnegative integer and t ∈ C \ {1}. This algorithm
will return the m-th Apostol–Bernoulli number Bm(t), using recurrence re-
lation given in Eq. (2.4), recursively.

procedure Apost Bern Num(m: nonnegative integer, t)
Begin
Global variable j : integer
if m = 0 then

return 0
else

if m = 1 then
return 1/ (t − 1)

else
return (t/ (1 − t)) ∗

↪→ sum(Binomial Coef (m, j)∗APOST BERN NUM(m − j, t) , j, 1, m)
end if

end if
end procedure

Now, we give a computation algorithm for the generating functions
fLB

(t, p) related to Apostol–Bernoulli numbers.

Algorithm 2 Let p be a prime number, t ∈ C\{1} and |t| < 1. This algorithm
will return fLB

(t, p), the generating function for the numbers of the k-ary
Lyndon words of prime length p in (1.4), using APOST BERN NUM procedure
given in the Algorithm 1.

procedure Gen Func Lyndon(t, p: prime)
Begin
Local variables v1, v2 ← 0
v1 = (1/(2p)) ∗APOST BERN NUM(2, t)

v2 = (1/ (p ∗ (p + 1))) ∗APOST BERN NUM(p + 1, t)

fLB
(t, p) = v1 − v2

return fLB
(t, p)

end procedure

4.1. Numerical Computations of the Generating Function fLB
(t, p)

Here, we give some numerical computations of the generating function
fLB

(t, p) on the some special classes of prime numbers.
Using Algorithms 1 and 2, we compute a few values of the generating

functions fLB
(t, p) for p = 2, 3, 5, 7 and t = 1, 1/2, 1/3, −1/3, −1/4 as

follows
Observe that the generating functions are undefined in the column cor-

responding t = 1, since the generating functions fLB
(t, p) have poles at t = 1.

There are many kind of prime numbers which are called classes of prime
numbers generated by particular formula or having a special property such
as Fermat primes, Mersenne primes, Fibonacci primes, Lucas primes and the
others (cf. [53]). In Table 2, note that 3 and 7 are the Mersenne primes and
3 and 5 are the Fermat primes.
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Table 2. Some numerical values of the generating functions
fLB

(t, p) for the first four prime numbers

t
1 1/2 1/3 −1/3 −1/4

2 2 3/8 3/64 4/125
3 8 9/8 9/128 32/625

p 5 216 27/2 27/512 864/15625
7 13512 5427/16 −243/4096 −3936/78125

Since other numerical computations of the generating functions fLB
(t, p),

for prime numbers greater than 7, contain more digits and fractions with huge
numerators and denominators, we give other values of fLB

(t, p) with some
values of t such as t = −1/2 and t = 1/2:

The number p = 11 is a member of class of the Lucas primes. Substitut-
ing p = 11 into the generating function fLB

(t, p), we compute the following
series including the generating functions for the numbers of the Lyndon words
having length 11 for t = −1/2 and t = 1/2, respectively

fLB

(
−1

2
, 11

)
=

∞∑

k=0

Lk (11)
(

−1
2

)k

= −33176
6561

,

and

fLB

(
1
2
, 11

)
=

∞∑

k=0

Lk (11)
(

1
2

)k

= 295024104.

The number p = 13 is a Fibonacci prime. Substituting this prime into
the generating function fLB

(t, p), we compute the value of the following
series including the generating functions for the numbers of the Lyndon words
having length 13 for t = −1/2 and t = 1/2, respectively

fLB

(
−1

2
, 13

)
=

∞∑

k=0

Lk(13)
(

−1
2

)k

=
1474760
19683

,

fLB

(
1
2
, 13

)
=

∞∑

k=0

Lk(13)
(

1
2

)k

= 81055130520.

If we substitute p = 17, which is a Fermat prime, into the generating
function fLB

(t, p), then we compute the following series including the gen-
erating functions for the numbers of the Lyndon words having length 17 for
t = −1/2 and t = 1/2, respectively

fLB

(
−1

2
, 17

)
=

∞∑

k=0

Lk (17)
(

−1
2

)k

=
11745087800

531441
,

fLB

(
1
2
, 17

)
=

∞∑

k=0

Lk (17)
(

1
2

)k

= 15337737297545400.
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Figure 3. Generating function fLB
(t, p) for p = 2, 3, 5, 7 and 11

5. Graphics of the Generating Functions fLB
(t, p)

In this section, we draw graphics of the generating functions fLB
(t, p) and

their approximation by rational functions for varying prime numbers.
Firstly, we start with drawing graphics of the generating functions

fLB
(t, p) for varying prime numbers. Therefore, Fig. 3 demonstrates the ef-

fects of prime numbers on the shape of the curve for a given range near
origin,

t ∈
[
− 1

10
,

1
10

]
.

From Fig. 3, we observe that the shape of graphics of the generating
functions fLB

(t, p) are affected by varying p values. In this figure, we also ob-
serve that when p values increase, the curves give various different deflection.
These curves provide information to analyse characteristics of the generating
functions fLB

(t, p). These curves may be used to improve some curves for
using in geometric design and their applications.

Now, we provide a weighted approximation of the generating functions
fLB

(t, p) by rational functions with small error to decrease algorithmic com-
plexity of the Algorithm 2, which includes combinatorial sums.

Let us assume that |t| ≤ 1. It is well-known that the Apostol–Bernoulli
numbers Bn(t) are rational functions of variable t.

Using weighted approximation by these rational functions and the
weight function t 
→ w(t) = (1 − t)2, we have

ew(t, p) = |w(t) (fLB
(t, p) − fA(t, p))|

= w(t)
∣∣∣B2(t)

2p − Bp+1(t)
p(p+1) − fA(t, p)

∣∣∣

= |t|
p , (5.1)
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Figure 4. Weighted error ew(t, p) for p = 2, 3, 5, 7 and 11

Figure 5. Weighted approximation of the generating func-
tion fLB

(t, p) (blue line) by rational function (red line) for
p = 3 (left) and p = 5 (right) on [−1, 1] (Color figure online)

taking

fA(t, p) = −Bp+1(t)
p(p + 1)

.

Here, fLB
(t, p) is given by (1.4) and B2(t) = −2t/(t − 1)2. Thus, we arrive

at the following result for prime number p:

εp = ‖fLB
(t, p) − fA(t, p)‖w = max

|t|≤1
|w(t) (fLB

(t, p) − fA(t, p))| =
1
p
.

The errors t 
→ ew(t, p) for prime numbers p = 2, 3, 5, 7, 11 are presented
in Fig. 4. In Fig. 5, we present the weighted approximation of the generating
function fLB

(t, p) by the rational function fA(t, p) for p = 3 and p = 5. As
we can see we get better approximation when p increases.
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6. Exponential Generating Functions for the Numbers of
Lyndon Words: Bell Polynomials Approach

In this section, using Bell polynomials (i.e. Exponential functions) approach
to the numbers of Lyndon words, we construct the exponential generating
functions for the numbers of Lyndon words. Furthermore, we define a new
family of special numbers related to these special words, and we investigate
their some fundamental properties.

Now, we define exponential generating functions for the numbers Lk (n)
as follows

F (x, n) =
∞∑

k=0

Lk (n)
xk

k!
. (6.1)

By substituting (1.1) into (6.1), we have

F (x, n) =
1
n

∑

d|n
μ

(n

d

)( ∞∑

k=0

kd xk

k!

)
. (6.2)

It is known that the Dobiński’s Formula is given by (cf. [35, p. 66])

Bln (x) = e−x
∞∑

k=0

kn

k!
xk (6.3)

where Bln (x) denotes the Bell polynomials (i.e., exponential polynomials)
given by (cf. [13], [35, p. 64])

Bln (x) =
n∑

k=0

S (n, k) xk

where S (n, k) denotes the Stirling numbers of the second kind and the expo-
nential generating function for the Bell polynomials is given by (cf. [13], [35,
p. 64])

e(e
t−1)x =

∞∑

n=0

Bln (x)
tn

n!
.

It is also well-known that the Bell polynomials (i.e., exponential polynomials)
satisfy the following two equalities

Bln+1 (x) = x

n∑

j=0

(
n

j

)
Blj (x) (6.4)

and
d
dx

{Bln (x)} =
Bln+1 (x)

x
− Bln (x) (6.5)

(cf. [4,9,13]).
Combining (6.2) and (6.3) we get the following result:

Theorem 6.1. Let n be a positive integer. Then we have

e−xF (x, n) =
1
n

∑

d|n
μ

(n

d

)
Bld (x) , (6.6)
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where the sum is over all positive divisors of n.

From (6.6), we have
∞∑

k=0

(−x)k

k!

∞∑

k=0

Lk (n)
xk

k!
=

1
n

∑

d|n
μ

(n

d

)
Bld (x) .

Using the Cauchy product in the above equation, we get

∞∑

k=0

⎛

⎝
k∑

j=0

(−1)k−j

(
k

j

)
Lj (n)

⎞

⎠ xk

k!
=

1
n

∑

d|n
μ

(n

d

)
Bld (x) . (6.7)

Motivated by the above computations, we define a new family of special
numbers In (k), which is related to the numbers Lk (n), by the following
combinatorial sum

In (k) =
k∑

j=0

(−1)k−j

(
k

j

)
Lj (n) .

The numbers In (k) are given by the following exponential generating func-
tions

FI (x, n) =
∞∑

k=0

In (k)
xk

k!
.

Thus, using (6.7), we construct novel exponential generating functions for
the numbers In (k) by the following theorem:

Theorem 6.2. Let n be a positive integer. Then we have

FI (x, n) =
1
n

∑

d|n
μ

(n

d

)
Bld (x) , (6.8)

where the sum is over all positive divisors of n.

Some special cases of the function FI (x, n) is given as follows

FI (x, 1) = x,

FI (x, 2) =
1
2
x2,

FI (x, 3) =
1
3
(x3 + 3x2),

FI (x, 4) =
1
4
(x4 + 6x3 + 6x2),

etc.
Especially, substituting n = p (prime number) into (6.8), we arrive at

the following result:

Corollary 6.1. Let p be a prime number. Then

FI (x, p) =
Blp (x) − Bl1 (x)

p
.
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Taking derivative of (6.8) with respect to x, we get
d
dx

{FI (x, n)} =
1
n

∑

d|n
μ

(n

d

) d
dx

{Bld (x)},

By combining the above equation with (6.5), we arrive at the following the-
orem:

Theorem 6.3.

d
dx

{FI (x, n)} + FI (x, n) =
1

xn

∑

d|n
μ

(n

d

)
Bld+1 (x) . (6.9)

By combining (6.9) with (6.4), we also arrive at the following result:

Theorem 6.4.

d
dx

{
FI (x, n)

}
+ FI (x, n) =

1
n

∑

d|n

d∑

k=0

(
d

k

)
μ

(n

d

)
Blk (x) .
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