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1. Introduction

Third order in time PDEs arise in many scientific fields such as non-linear acoustics, medical ultrasound, viscoelasticity
and thermoelasticity, see [1-8] to mention only a few. The inverse problems for a third order in time PDEs connected
with recovery of the coefficients are scarce and attracted by many authors in recent decade. Using Carleman estimates
determination of the space dependent damping coefficient for the linearized third order in time PDE (referred as
Jordan-Moore-Gibson-Thompson equation) is studied in [9] with known one boundary measurement and for Moore-
Gibson-Thompson equation is investigated in [10] from partial knowledge of some trace of the solution at the boundary.
Inverse problems of recovering the time dependent lowest coefficient under simultaneous over-determination conditions
for the specific third order in time PDEs are investigated in [11-13]. Finally in [14], the authors proved the existence
and uniqueness of the solution of the inverse problem for general non-linear third order in time PDE by considering the
critical parameter is positive.

Recently, the authors in [15] discussed the existence of unique solution of a class of third order pseudoparabolic inverse
boundary value problems subject to no-classical conditions of first kind. Khompysh [16] investigated the reconstruction
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of unknown coefficient in pseudo-parabolic inverse problem with the integral over determination condition and studied
the uniqueness and existence of solution by means of method of successive approximations. Ramazanova et al. [ 17] theo-
retically studied the fourth-order inverse problem with non-local integral condition. Serikbaev and Tokmagambetov [18]
determined the space dependent forcing term for a class of pseudoparabolic inverse problems. Huntul et al. [19] studied
the reconstruction of unknown time and space-dependent coefficients in third-order pseudo-parabolic inverse problems
subject to nonlocal integral conditions. Further, Huntul et al. [20,21] considered a fourth order pseudoparabolic inverse
problem with some additional information and identified the unknown time dependent potential coefficient. Recently,
Mehraliyev and Shayeva [22] investigated an inverse problem theoretically for the third order pseudoparabolic problem
and proved the uniqueness of the solution. The existence and uniqueness of the solution of the inverse problem for the
third order pseudoparabolic equation with integral over-determination condition is studied in [12]. However, the work
on inverse problems for third order in time PDE is scarce.

In this article, we study the third order in time PDE problem to reconstruct the time wise potential and source terms
theoretically, i.e. existence and uniqueness of the auxiliary integral problem, and numerically, for the first time, in the
prescribed domain using the initial, Neumann boundary conditions, and the temperature data as an over-determination
conditions. The pre-eminent goal of the current work is to undertake the theory and numerical aspect of this problem.

This article is presented as follows. The nonlinear third order in time PDE has been mathematically developed in
Section 2. In Section 3, the inverse problem is converted to an auxiliary system of integral equations. Then, uniqueness of
the solution of the inverse problem and existence and uniqueness of the solution of this system are proved by means
of the contraction principle on a small time interval. Section 4 briefly explains the scheme for solving the forward
problem by means of FDM technique. The description of numerical procedure to solve the minimization of the nonlinear
Tikhonov regularization functional has been given in Section 5. The numerical outcomes for some examples on the topic
are discussed in Section 6. The conclusions remarks are revealed in Section 7.

2. Formulation of the nonlinear third order problem

In this section, as a mathematical model, we consider an inverse problem of reconstructing the time-dependent terms
a(t) and b(t) in the non-linear third order in time partial differential equation

Zrre + Ber — czzss — yzZue = a(r)f(2) + b(z)g(&, 7). (§,7) € Qr, (1
where z =z(£,7),Qr = {(£,7):0< £ < 1,0 <t <T}, B,c% y > 0 are given constants, with initial conditions

Z(Sv O) = ¢0(5)a Zr(%—5 0) - ¢1(§)7 ZTT(g’ 0) = ¢2($)s E € [07 1]7 (2)
the boundary conditions

z¢(0,7)=12(1,7)=0, t€[0,T], (3)
and the over-determination temperature conditions

z(0,t)=hy(r), Te€l0,T], (4)

z(1,7)=hy(z), ©e€l0,T], (5)

where ¢o(&), d1(&), P2(8), g(&, T), f(2), hi(r) and hy(t) are known functions while a(t), b(t) and z(&, t) are desired
functions. This model is the normalized form of the model which has been firstly introduced by Moore and Walter in [23]
and given in original form by Thompson in [24]. The third order in time Eqs. (1) has a critical parameter 7" =  — ﬁ.
This parameter plays an important role in asymptotic behaviour, energy estimates and regularity of solutions. lndeed
all studies so far requires the positivity assumption 7" > 0. This is the common case considered in non-linear acoustics,
where Ty is equal to the Lighthill's diffusivity of sound, which is always positive, [25]. However, when 7" = 0 the energy
is conservative and no decay of the energy occurs, despite the presence of diffusivity and damping, [26-28]. The aim
of this paper is determining the time-dependent coefficient a(r) multiplying the non-linear term and time dependent
force coefficient b(t) together with the z(&, t) from Eq. (1), initial conditions (2), homogeneous Neumann boundary
conditions (3) and additional conditions (4) and (5) under the assumption 7" = 0 (energy is conservative).

3. Uniqueness of the solution of the inverse problem

In this section, first we will examine the auxiliary spectral problem of the inverse problem (1)-(5) and give two
functional spaces which are Banach spaces. Then, we will set and prove the existence and uniqueness theorem for a
solution to the auxiliary integral problem, from which the uniqueness of the solution to the inverse problem will follow.

The auxiliary spectral problem of the inverse problem (1)-(5) is

{ X"(&)+AX(§)=0, 0<& <1, 6)
X(0)=X(1)=0.
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The spectral problem (6) has eigenvalues A, = (n7x)? and corresponding eigenfunctions X,(&) = ~/2 cos(v/An€), N =
0,1, 2,....Itis easy to verify that the system of eigenfunctions X, (£) are biorthonormal on [0, 1] and forms a Riesz basis
in L,[0, 1].

Definition 1. Let the triplet of functions {z(£, t), a(t), b(r)} be from the class C>3(Q;) x C[0, T] and satisfies Eq. (1) and
conditions (2)—(5). Then the pair triplet {z(&, ‘L') a(t), b(t)} is called the classical solution of the inverse problem (1)-(5).

Consider the following useful Banach spaces:

Br = {Z(S, )= Y z(t)Xal) : z(7) € CIO, T],

00 1/2
F(@) = llzo(z ||C[0T]+<Z)\3/ lzn(T ||C[0T])) <+o0},

with the norm |[z(§, )|z, = Jr(u) which is related with the Fourier coefficients of the function z(§, 7) by the
eigenfunctions X,(¢),n =0, 1, 2
Il: Er = By x C[0, T] of the vector function w(&, t) = {z(&, ), a(t), b(t)} with the norm

lw(§, T)”ET = |lz(&, T)”BT + ||a(f)||c[o,r] + ||b(7—')||c[o,r] .

These spaces are suitable to investigate the solution of the inverse problem (1)-(5).
For arbitrary a(t), b(tr) € C[0, T], to construct the formal solution of the inverse problem (1)-(5), we will use the
Fourier (Eigenfunction expansion) method. In accordance with this, let us consider

)= za(T)Xa(§) (7)
n=0

is a solution of the inverse problem (1)-(5), where X,(§) = ﬁcos(\/ﬂé), n =0,1,2,... are the eigenfunctions and
An= ()%, n=0,1,2,...are the eigenvalues of the corresponding spectral problem.

Since z(&, 1) is the formal solution of the inverse problem (1)-(5), we get the following Cauchy problems with respect
to z,(t) from Eq. (1) and initial conditions (2);

20(1) + Bz)(T) + yAnzp () + *hnzn(t) = Fa(z; a, b, 2),
(8)
2;(0) = ¢on, 21/1(0) = ¢u, Z;,/(O) =¢m, n=0,1,2,....

Here

Fu(t: @, b, 1) = a(z)() + b(x )ga(),
1
2a(7) = f 25, T (E)dE
0
1
fi(e) = / FlalE, DX )e,
0

1
) = /O 8(&. TXa(E)dE

and
¢m—f/ Hi(E)Xn(E)E, i =0,1,2,n=0,1,2,.

These Cauchy problems have the cubic characteristic polynomial
P3(k) = k* + BK® + yank + C?A,.

Then the roots of the characteristic polynomial are

2
Cc

k] =—— <0and ](2,3 = +i V)\n«
4
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Solving (8) by using the these roots of the characteristic polynomial, we obtain

_ﬁr _ ]
20(T) = oo + Th10 + <i> d20

B2
’ T—s e Frq
+ / Fo(s: a, b,2)< + )ds, 9)
0 B B?
T
Zn(r) = AOH(T)¢OH +Aln(f)¢ln +A2n(f)¢2n + / A3n(f - S)Fn(5§ a, bs Z)dS, (10)
0
where
CZ
Y30,e” 7 T 4 ¢t cos(/YAaT) + 2/ Y3 A, sin(/y AnT)
Aon(T) = 2 3 ,
ct 4 y3in
1
An(t) = ——=sin(y/ Y AnT
n(7) m (v yAnT)
52
A () = Y2V 7T =y i kg cos(y AnT) + €2 /Y sin(/y AnT)
2n - T»n (C4 T ]/3)»,1) 5
C2
y? ( Yhne 77+ % sin(y/yAnt) — /Y cos(a/yknr)>
Asn(t) = .
" V¥ (€4 + y30n)

Substitute the expressions (9) and (10) into (7) to determine z(&, 7). Then we get

7ﬂ1- _ ]
z(§,7) =< $oo + Td10 + (e—tf) $20

. [
+/0 Fo(s;a,b,z)<rﬂs+e e )ds)xo(g)

+ Z <A0n(f)¢0n + A]n(f)¢ln + A2n(7)¢2n

n=1

+ /‘ngn(r — S)Fy(s; a, b, z)ds)Xn(%‘). (11)
0

Let us derive the equations of a(t) and b(t). Considering the over-determination conditions (4) and (5) into Eq. (1), we
obtain the system of equations for a(7) and b(t) as follows:

a(x)f (ha(7)) + b(7)g(0, 7) = h{'(x) + BH{(7) = €*2(0, ) — yZese (0, T), (12)
a(e)f (ha()) + b(2)g(1, 7) = hy'() + By (1) — 2ee(1, T) — yZese(1, 7). (13)
Since
208, 7) =) z(T)Xal8),  2zec(&,T) anzn )X
n=0

ngg anz
o0
2¢(0. 7) anzn Xa(0) = =D hna(T),
i
Z£6(0, T) anz =— anz/
n=1
ze:(1,7) ZA Za(T)Xa(1 Z ) denzn(T
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and
Zeee(1, 1) anz ==Y (=1)"hz(7).
n=1
Thus, we get
a(z)f (h(r)) + b(z)g(0, T) = hY'(z) + Bhi(z Z [yza(T) + ¢*za(7)] (14)
a(t)f (ha(7)) + b(T)g(1, T) = hy'(z) + phy(7) + Z(—l)”kn [yzn(t) + za(7)] (15)

E
[
-

where

YZu(t) + 22a(t) = Aon(T)bon + A1n(T)P1n + Aon(T)an + / Asn(T — $)Fa(s; a, b, 2)ds,
0

- (c2y3hn + c®) cos(v/y AnT)
AOn(t) = C4 + )/3)\,” ’

2
~ c

A1n(Tt) = y cos AnT) + —— sin AnT),
1n(t) =y cos(y/yAnT) Nz (V¥ *nT)

(¥ hn + c*7) sin(/yxnT)

An(t) = (c* +¥3hn) VAn
2 m_/’ (vt + y*hn) sin(y/y 2, (r — )
B @+

Under the assumption A(t) = f(h(t))g(1, t) — f(ha(7))g(0, t) # 0, VT € [0, T], finally we can derive the equations of
a(t) and b(t) as

1
a(t) = M [g(1, DR} (r) — g0, D)y (r) + B (g(1, T)h7(z) — g(0, T)h5(1))
+ an ~1)""1g(0, 7)) (J/z;(r)+czzn(r))] (16)
1
b(z) = A0 [f(h(e)hy'(2) = fha(e )R (2) + B (f(a(2)h5 () — f(ha(T )h](T))
+ Z?»n ((=1)"f () = fha(2))) (yzo(e) + Czln(f))} - (17)
n=1

We obtained the system of Volterra integral Eqs. (11), (16) and (17) with respect to z(&, t), a(t) and b(t). Analogously,
we can prove that if {z(&, t), a(t), b(t)} is a solution of the inverse problem (1)-(5), then

1
Zn(r):f Z(€,T)Xp(E)dE, n=0,1,2,...
0

satisfy the system of differential Eqs. (8). For the proof of this assertion please see [29]. From this assertion we can conclude
that proving the uniqueness of the solution of the inverse problem (1)-(5), it suffices to prove the uniqueness of the
solution of the system (11), (16) and (17).
Theorem 1. Let the assumptions

(A1) ¢o(&) € C2[0, 1], ¢y'(§) € L0, 1], ¢(0) = (1) =
(A2) ¢1(§) € C2[0, 1], ¢{'(&) € L[0, 1], ${(0) = ¢}
(A3) $o(§) € C?[0, 1], ¢5'(&) € Lo[0, 1], $5(0) = ¢}
(Ag) hi(7) € C°[0, T], hy(0) = ¢o(0), h}(0) = h{(0) = ¢(0);

(As) hy(t) € C°[0, T], hy(0) = ¢o(1), My(0) = p1(1), h5(0) = ¢(1);

(A6) g(5,7) € C(Qr), 8. 8 € C[0,1], VT € [0, T], g(0,7)=ge(1,7)=0;

5

)
)
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fz) € C*(R),
(A7) (") = f(2%)| < &1 |2' — 22|,
f(2") —f(z%)] <
be satisfied, p = 72 and A(t) = f(hy(1))g(1, T) — f(ha(1))g(0, T) # 0, VT € [0, T]. Then, the system (11), (16) and (17) has
a unique solution for small T.

&>0,i=1,2,

Proof. To prove the existence of a unique solution of the system (11), (16) and (17) we need to rewrite this system
into operator form and to show that this operator a contraction operator. To this end let us denote w(&,7) =
[z(g, 1), a(z), b(7)]" is a 3 x 1 vector function and rewrite the system of Eqs. (11), (16) and (17) in the following operator
equation

w = ¥(w), (18)
where ¥(w) = [, ¥, ¥3]" and 4, ¥, and 5 are equal to the right hand sides of (11), (16) and (17), respectively. i.e.

7ﬁ1— _ 1
Vi(w) = (¢>00 + 710+ <%> $20

T _ —p(t—s) __ 1
+/O Fols: a,b,z)(rﬁ Syl o )ds)Xo(g)

+ Z(AOH(TM)On + A1p(T)p1n + Agn(T )P2n

n=1
+ [ Aue - smsa tuz)ds)xn(s), (19)
0
1
Yo(w) = A0 [g(1, T)h'(z) — (0, T)hy (x) + B (g(1, T){(z) — (0, T)h3(7))
+ 3 (g1, 1) + (—1)"g(0, 7)) (vzj(1) + czzn(r))} , (20)
n=1
and
1
Ys(w) = 20 [f(ha(x )y (x) = f(ha(e )R () + B (F(ha(T)h5(T) — flha(T))H{())
+ an 1'f(hi(1)) = f(ha(1))) (v2a(z) + czzn(r))} . (21)
Using integratlon by parts under the assumptions (A;) — (A7), we have
1 1 1 1 1
don = )\iﬁam, ¢ = Aiﬁalm ton = Fazn, gn(t) = )Tna)n(f)’ fu(t) = )TnUn(T)a

where

1
= V2 f o!/(8)sin(y/AnE ). i = 0, 1,2,
wp(t) = f/ 8ee (€, ) cos( \/>$

and
1
S / (F/(2)2e ) + F/(2)2e¢) cos(/nE )
0

Since v/2 sin(+/An€) (or v/2 cos(y/Az&)) forms a biorthogonal system of functions on [0, 1], by using Bessel’s inequality
we get

Z|a1"| —”‘pw’hmﬂ’ i=012,

oo [09)

Z lun(T)P < |[f"(ze(-. 7)) + f'zee (-, T)Hi[o,u’ Z lon(T)* < ||ges (-, )Hi[m]- (22)

n=1 n=1

6
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By virtue of the definition of the space Br, using the Cauchy-Schwarz inequality it is easy to obtain that

2| = |v2 Z\F Z(7)sin(y/2n)| < V2 Z (A3 1zn(Dl o) < p1 lzll, -
o0 [e9) 1

|zee| = (V2 dnza(T) cos(y/ané)| < V2 ﬁ(xi/z Iza(T)llcjo.m) < o2 l1zlls, - (23)
n=1 n=1 n

where p;, i = 1, 2 are real constants.
Also we can obtain the following estimates for the coefficients arising in the operator Egs. (19)-(21)

d ~ ~ Ds .

Ain(T)| < d;, |As(7)] < —, |Ai(T)| <D;, |As(7)| < ——,i=0,1,2, 24
|m( )|_ i |3n() }m( )‘ i ‘3n( )| «/)Tn ( )
by considering Ai;(t) and ﬁin(t), i = 0,1,2,3 are convergent sequences as A, — 400 (n — 4o00). Here d; and D;,
i=0,1, 2,3 are positive constants.

After giving these assumptions and estimates, we can show in two steps that ¥ is a contraction operator.

(I) First let us demonstrate that ¥ maps Er onto itself continuously. In other words, for arbitrary w =
[z(g, 1), a(t), b()]" with z(&, t) € Br, a(t), b(t) € C[0, T] we need to show y(w) € Br and yr(w), ¥3(w), € C[0, T].

Let us start with showing that yr;(w) € Br, i.e. we need to verify

o N
J@) = [¥100)]| qo.ry + (Z (A?/2 I wl.n(r)ncm) ) < 400, (25)
n=1
where
—pt -1 T _ —Blr=s) _ 1
V1,0(t) = doo + 710 + (%) ¢zo~|—f Fo(s; a, b,2)<t S 42 5 )ds,
P 0 B P

Y1.0(7) = Aon(T)pon + A1n(T)P1n + Axn(T)p2n + / Asy(t — $)Fa(s; a, b, z)ds.
0

After some manipulations under the assumptions (A1) — (A7), using the estimates given above, we obtain

T+
[[¥1.0(z Hcmn < l¢ool + T I¢p10l + P 52 |¢20|
BT? + 2T
+ T Oganga(r)logagT fo(t)] +0§3§T|b(r)|0§3§ lgo(E) ] ,

o]
> (32 [ra o) =568 Z Joton? + 52 Z Jorunl? + 503 Z o2
n=1 n=1

n=1
2 o 2 2 o 2
272
+ 5d3T ((Oga;;la(r)o ; <Or;13§xrlvn(t)|> - (ggﬁxrlb(r)I) ; (On;taéglwn(t)I) )

From the Bessel inequality (considering the estimates (22)) we can conclude that the right hand side of Jr(y) is
convergent. Thus Jr(v1) < 400 and y1(w) belongs to the space By.
Now let us verify »(w), ¥3(w) € C[0, T]. From the Egs. (20) and (21), we have

1 /// /// // "
|wz(w)|_m[|glr )| + g0, Dy (1) + B (Jg(1, DR{(2)| + |g(0, T)h5(7)))

0<t<T

+ > ha (lg(1, T + 1200, D) (Jyz5(x) + szn(t)|):| :

n=1

and

7
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Using the Cauchy-Schwarz inequality and the estimates are given in (22) and (24) we obtain

1

1 h///
7m1n A()] [ ax lg( r)l max ‘ |

lr2(w)llcor <

/// -l "
+ max [g(0, )] max |h5'(z)] + ( max_|g(1, 7)| max [h(v)|

+ max |g(0, )] max |hy(7)| > + ( max |g(1, )|
0<t<T 0<t<T

0<t<T
o) 1 1/2 2 00 1/2
; 12
ramiso0n) (S0) {30
n= 1= n=

1/2

00 2
+DsT { max |a(7)| (Z (gg; |un(t)|) )

n=1

Jos 2 1/2
g (3 (i) )} -

n=1

and

1¥3(wllcpo.ry < @) |:0111ta<XT [f (ha(z))I Orgragxr ‘h/z“(f)|

min |A
0<t<T

g ) a6+ (a1 g, i)

+ max |f(hy(7))| max |h{(7)| ) + ( max |f(hi(7))|

0<t<T 0<t<T
© 1/2 2 00 1/2
+£3§§ lf(hz(r))|> (; M) i;D,» (; |ai,1|2>
00 o\ 172
+DsT { max |a(7)| (;‘ (Orgg; |un(t)|) )
00 2 1/2
+ max [b(z) (; ((;nng |wn(r)|> ) } } } : (27)

Considering the estimates (22) and Zn 0 A is convergent, the majorizing series (26) and (27) are convergent. According
to Weierstrass M-test, y,(w), ¥3(w) are continuous and belongs to the space C[0, T]. Therefore, we show that ¥ maps
Er onto itself continuously.

(II) Now let us show that ¥ is contraction mapping operator. Assume that let w; and w, be any two elements of Er.
We know that

¥ (w1) = ¥ (w2)llg, = IY¥1(w1) — Ya(w2)lls,
+ [[Y2(w1) — 1/fz(wz)”c[o,r] + l¥s(wq) — 1p3(w2)”c[o,r] .

Here w; = [29(¢, 1), a(), b(i)(r)]T, i =1, 2. Let us consider the following differences
Y1(wi) — Yi(wy)

r — —B(r—s) _
= [ [Fols; @V, bV, 20y — Fo(s; a®, b®, z)] (t S, ¢ 1
0

B R
+Z/ Asn(t — $) [Fals; @V, BV, 2V) — Fy(s; a@, b®), 22))] dsX,(x),

ij: (11’)

) dsXp(x)

Ya(wr) — Yra(w2)
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+(—1)”“g(0,t))/ K3n(T_S)I:Fn(S§ a, b, ()
0

— Fa(s; @, @, 22)) ] ds,
and

1
A(T)

Ya(wn) = Ya(ws) = = 3" (((<1)f(ha(0))
n=1

T
~ftha) ) [ Bantr =)o . B0, 20) = s 0, 6, 22) s,
0
After some manipulations in last equations under the assumptions (A1)-(A7) and using the estimates (22)-(24), we obtain

¥ (w1) — (w2)llg, = 1¥1(wr) — Ya(w2)llg, + 1¥2(w1) — Yra(w2)llcpo,m

+ 1¥3(wr) = Ya(w2)llepo.ry < K(T)C(a®, 2V, 2?) [ |2 — 22|

Br

+ aV = a? o p + [ =52 }: K(T)C(a®, 2V, 2?) [lwy — wallg, (28)

C[0,T]

where

KT)=T |1+

min |A(T)] |’
0<t<T
and C(aV,z™M, z@) is the constant depends on the norms |a® ||C[0 7 and |29 g+ (i = 1,2) and the coefficients p, ¢,

(i=1,2),d¢and Dy, (k =0, 1,2, 3 ). For sufficiently small T such as K(T) tends to zero, i.e. 0 < K(T)C(aV,zV,z®) < 1
for sufficiently small T. This implies that the operator ¥ is contraction mapping operator. Thus from the first and second
steps the operator ¥ is contraction mapping and maps Er onto itself continuously. Then according to Banach fixed point
theorem there exists unique solution of (18). O

From this theorem we can conclude that the uniqueness of the solution of the inverse problem (1)-(5) as follows:

Corollary 1. Let the assumptions of Theorem 1 and
0 < K(T)C(a®,zM,z®) < 1

are satisfied. Then if the solution of the inverse problem (1)-(5) exists than it is unique for sufficiently small T.
4. Discretization of the nonlinear third order problem

We consider the direct problem (1)-(3). When a(t), b(z), f(z), ¥, B, ¢ are known and z(&, ) is to be found. First,
we divide the domain Qr into M and N intervals of equal lengths A§ = ﬁ and At = % We denote z(§;, 7;) = z,
g(&, 5j) = gij, a(t) = &, b(7;) = b, where & = iAg, 1y = jAt,fori=0,1,...,M and j =0, 1,..., N. The nonlinear term
f(z) is tackled by evaluating f(z) at a time level of the previous steps known solutions. Finally, the FDM [30] discretizes
Eq. (1) as

Zij+2 — 2Zijp1 +2Zij1 — Zij2 +B (Zz:,j+1 — 2z +Zi,j71>

2(AT) (Ary?
2 ((Fs 2zij+ziag )\ f Frri — 2Zig T Zicin
(AE)? 2AT(AE)
_ Zitij-1 — 221 +Zicaja

— df(z,) + Vg,
i=0,1,...,M, j=0,1,...,N. (29)
Simplifying above equation, we get

Zijy2 = AZiz1j41 +Bzij1 Az j1 + CZig1j + Dz + Czimyj — AZiprja

+Ezj1—Azi1j-1—2zij2+Ryj, i=1,2,...M—-1 j=2,3,...,N, (30)
where
At)? 2y(At)? 2c3(Ar)?
A Y ’3, B=2-28Ar — ¥( TZ)’ _ 2 rz)
(Ag) (A§) (A§)

9
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4c?(At)? 2y(At)
————, E=-2-28A —_—
(Ae? PAT+ = aep

Rij = 2(At) (df(zi) + bgij), i=0,1,....M, j=0,1,...,N.

D = 4BAT —

Now, we discretize the initial and boundary conditions as

2(§,0)=¢o(§) = zio=¢o(&), i=0,1,...,M,
z:(£,0)=¢1(§) = zi—1 =2zi1 —24At¢1(§), i=0,1,..., M,

2::(8,0) = $2(§) = zi,2 = —zip + 3221 — 3020
—3241¢1(&) — 12(At) (&), i=0,1,..., M,
z(0,71)=0 = z4;=2z15, j=0,1,...,N,
and
z(1,1)=0 = zmy1j=2m-1j, j=0,1,...,N.
For i = 0 and j = 0, using (32), (33) and (34) in (30), we get

1 1
Zpp = —5(3 +E—32)z1 — E(D +30)z00 — Cz1,0 — (16 — E)Az (o)

~2A4T4:(51) ~ S(ATValEn) + o Roo.

Fori=1,2,...,M —1andj = 0, using (32) and (33) in (30), we get
1 1 1 1
Zip = —5(3 +E—32)z; — §CZH,0 - E(D +30)z;0 — §CZi+1,o
—AAT$1(Eim1) — (16 — E)AT(&) — AAT1(Ei1) — 6(AT)*Pa(&) + Rio.

For i = M and j = 0, using (32), (33) and (35) in (30), we get
1 1
M2 = _E(B +E—32)zm1 — Czy—1,0 — E(D +30)zm,0

1
—2AAT1(Em—1) — (16 — E)AThi(Em) — 6(AT)o(Em) + > Ruo.

Fori =0 and j = 1, using (32) and (34) in (30), we get

203 = —Bzpp — 2Az13 — (D — 1)z0,1 — 2Cz1,1 — Ezp.0 + 2Az10 — 2At$1(&0) + Ro 1.

Fori=1,2,...,M — 1and j = 1, using (32) in (30), we get

Zis = —Azi_1p — Bzip — AZiy12 — CZii11 — (D — 1)zi1 — CZiya 1
+Azi_1,0 — Ezio + Azip10 — 2At91(&) + Ri 1.

Fori =M and j = 1, using (32) and (35) in (30), we get

Zy,3 = —2AzZy_12 — Bzm,2 — 2Czp—1,1 — (D — 1)zm 1
+2Azy_1,0 — Ezm0 — 2AT01(6m) + Ry 1.

For i = 0, using (34) in (30), we get
Zpj42 = —ZAZL]'_H — BZO,H—] — ZCZL]‘ — DZO’J‘ + ZAZU‘_] — EZO’]‘_1
+Zo,j,2 +R0J, ] =2,3,...,N.
Finally, for i = M, using (35) in (30), we get
Zmjy2 = —2AZy—1j+1 — Bzm jy1 — 2Czy—1j — Dzm j + +2Az -1 j—1
—Ezyj1+2zmj2+Ruj, j=2,3,...,N.
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Table 1
The RMSE between the analytical (46) and approximate values for hq(t)
and hy(t), with M = N € {10, 20, 40}.

M=N 10 20 40
RMSE(h1) 4.9368E—4 1.2097E—4 2.9928E—5
RMSE(h;) 4.9368E—4 1.2097E—4 2.9928E—5
Table 2
The exact (46) and (47) and approximate solutions for hy(t) and hy(z) for the direct problem with Ax = At € {55, 5. 35 }-
T 0.1 0.2 0.3 0.8 0.9 Ak = AT
0.905000 0.819000 0.741199 0.449914 0.407194 %
hy(t) 0.904874 0.818798 0.740910 0.449477 0.406721 %
0.904846 0.818747 0.740841 0.449366 0.406607 4710
0.904837 0.818730 0.740818 0.449328 0.406569 exact
—0.905000 —0.819000 —0.741199 —0.449914 —0.407194 Tlo
hy(7) —0.904874 —0.818798 —0.740910 —0.449477 —0.406721 %
—0.904846 —0.818747 —0.740841 —0.449366 —0.406607 4710
—0.904837 —0.818730 —0.740818 —0.449328 —0.406569 exact

The theoretical error analysis of the FDM scheme in Eq. (29) using the Taylor expansion estimate is deferred to future
work.

Example. Consider the following example of the forward problem (1)-(3) with T = 1 and

¢o(§) = 2(§,0) = cos(m§), ¢1(§) = z:(§,0) = —cos(n§), ¢a(§) = z.(§, 0) = cos(x§),
z:(0,7)=2z(1,1)=0, y =1, p=1, =1, f(z2) = ¢, a(r) =1+ 21,
_ B ee” cos(ﬂé)(-l +2T)
b(r)=1+4+r, g(S,r)_—T. (44)
The analytical exact solution is

z(§,7)=e "cos(n§), (§,7)¢€ 2, (45)
and the target outputs (4) and (5) are

hi(r)=e77, (46)

hy(t) = —e". (47)

The three dimensional visuals of approximate and the exact solutions are shown in Fig. 1 using different values of A&
and At and we can see that the computational results converge to the analytical exact solution as the mesh sizes are
decreased. Table 2 depicts the numerical additional measurements in ((4) and (5)) in comparison of the exact (46) and
(47) obtained by using the FDM as described in Section 3. The RMS errors for M = N = 10, 20, 40 are also listed in
Table 1.

5. Solution of the nonlinear inverse problem

We want to get stable and accurate determinations of a(t), b(t) and z(k, t) that satisfy (1)-(4). The proposed problem
is numerically solved by minimizing the following regularized cost function

F(a, b) = [|2(0, ) — ha()II* + 112(1, T) = hao(2)I1* + & (la()I1* + Ib()I1?) , (48)
(

where z satisfies the forward problem (1)-(3) with given a(z), b(t), and § is the non-negative penalty parameter. The
discretized form of above function is given by

F(a, b) = vy ]. (49)

1

M-

[2(0. ) — ha(z)]* +

N N N
1 Jj= —

[2(1. ) — hao()] + 5 [ D (@ +

1 j=1 Jj

J
The cost function (49) is minimizing by means of the MATLAB subroutine Isqnonlin tool [31].

11
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Fig. 1. The analytical (45) solutions, approximate curves and the absolute computational error for the forward problem using A§ = At = 1170’ Zl ‘%0.

6. Numerical results and discussion

A couple of experiment examples have been discussed in this section to demonstrate the stability and accuracy of
the FDM together with the Tikhonov regularization process. To validate the efficiency of the numerical solution, the root
mean square error (RMSE) has been calculated as:

T ‘ 172
RMSE(a) = |:N Z(aﬂumerlml(.’:j) _ aexact(rj)) ] , (50)
TN A 172
RMSE(b) = |:N Z(bnumencal(rj) _ bexact(rj)> :| ) (51)
j=1

For the sake of simplicity, we set T = 1. The upper and lower bounds for a(tr) and b(t) are supposed to be 10> and —10?,
respectively.
12
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Fig. 2. (a) The unregularized form of objective function F(49) versus no. of iterations, and the approximate and analytical exact curves (55) for: (b)
the potential a(z) and (c) the source b(t), in absence of noise and regularization, for Example 1.

The problem (1)-(4) has been solved with both perturbed and exact data. The perturbed data is handled as
h'(h) = h(g)+ €1, j=1.2,....N, (52)

h2(1) = ho(gy) + €2j, j=1,2,...,N, (53)

where €1; and €2; denote the random variables obtained from a Gaussian normal distribution having zero mean and the
following standard deviations:

o1 = max |hy(7)| x p, oy = max |hy()| x p, (54)
0<t<T 0<t<T

where p denotes the percentage of noise. For the perturbed data (52), (53), h1(z;) and hy(7;) are replaced by h?(rj), h;z(rj)
in (49).

6.1. Example 1

As a first test problem, we take (1)-(4) with input (44)-(47), and the unknown smooth and linear time-dependent
terms a(t) and b(t)

alt)=14+2t, b(t)=1+1, te€][01] (55)

From given data it can be observed that the assumptions of Theorem 1 are fulfilled, so, the inverse problem possesses a
unique solution. The initial approximation for a and b are taken as

() =a0)=1, b(r)=b0)=1, j=1,2,...,N. (56)

13
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Fig. 3. The approximate and analytical (55) solutions of the potential a(t), and the heat source b(t), for p = 0.01%, with § € {0, 108, 1077}, for
Example 1.

We fix A& = At = 0.025. In Fig. 2(a), the unregularized function (49), i.e. § = 0 has been plotted versus number of
iterations in absence of noise in measurement data. It can be noted that after six iterations, there is a quick decline low
value of 0(10~24). The exact (55) and approximate solutions to the function a(t) and b(t) are portrayed in Figs. 2(b) and
2(c). It is observed that the numerical outcomes are accurate with RMSE(a) = 0.0662 and RMSE(b) = 0.0206.

Next, we associate 0.01%, 0.1% noise with the simulated data (4) and (5), as in Eq. (54). It is significant to note that
the inverse problem is not well posed therefore, we anticipate that the cost function needs to be regularized for the sake
of stability and accuracy in results. Although not presented, it is illustrated that the regularized cost function F versus
no. of iterations monotonically decreasing convergence is observed. Figs. 3 and 4 show visuals of the reconstructed terms
a(t) and b(t). From Figs. 3(a), 3(c) and 4(a), 4(c) it is clear that, as expected, for § = 0 we obtain inaccurate and unstable
solutions with RMSE(a) = 2.8624 and RMSE(b) = 3.3265 for p = 0.01%, and RMSE(a) = 27.8127 and RMSE(b) = 32.09511
for p = 0.1%, respectively, as the problem is noise sensitive and ill-posed. Hence, regularization process is crucial for stable
solutions. For this, the regularization parameter § is chosen to be 1078, 107 for p = 0.01% noise (see Figs. 3(b) and 3(d)
obtaining RMSE(a) € {0.3045, 0.1689} and RMSE(b) € {0.1794, 0.0912}), and § € {107%, 107>} for p = 0.1% noise (see
Figs. 4(b) and 4(d) obtaining RMSE(a) € {0.3591, 0.3045} and RMSE(b) € {0.2151, 0.1794}, which provide stable and
comparatively accurate approximations for the functions a(t) and b(z). The numerically obtained results are stable and
accurate. The main difficulty in regularization when we solve the nonlinear inverse problem of third-order in time is how
to choose an appropriate regularization parameter § which compromises between accuracy and stability. However, one
can use techniques such as the L-curve method [32] or Morozov’s discrepancy principle [33] to find such a parameter,
but in our work we have used trial and error. As mentioned in [34], the regularization parameter § is selected based on
experience by first choosing a small value and gradually increasing it until any numerical oscillations in the unknown
coefficient disappear.

14
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Fig. 4. The approximate and analytical (55) solutions of the potential a(z), and the heat source b(t), for p = 0.1%, with § € {0, 10~6, 1073}, for
Example 1.

Table 3
RMSE values, and no. of iterations, with p € {0.01%, 0.1%} noise, with
5 €{0,107°,107%,1077,1075, 1073, 104}, for Example 1.

p $ RMSE(a) RMSE(b) Iter
0 2.8624 3.3265 30
107° 0.4331 0.3239 10

0.01% 108 0.3045 0.1794 10
1077 0.1689 0.0912 10
1076 0.2313 0.1224 10
0 27.8127 32.0951 50
1077 0.4687 0.4512 20

0.1% 1076 0.3591 0.2151 20
10~° 0.3045 0.1794 20
1074 0.4981 0.2409 20

Other details about the RMSE values ((50) and (51))), and the no. of iterations, with and without regularization are
listed in Table 3. Eventually, from Figs. 2-4 and Table 3, it is observed that the MATLAB simulation results are fairly stable
and accurate.

6.2. Example 2

In Example 1, smooth and linear coefficient given by Eq. (55) has been inverted. Now, we recover a discontinuous
function for the potential a(t) and a nonlinear source b(t) terms in the inverse problem (1)-(4) subject to following input

15
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Fig. 5. (a) The unregularized form of objective function F(49) versus no. of iterations, and the approximate and analytical exact curves (57) for: (b)
the potential a(z) and (c) the source b(t), in absence of noise and regularization, for Example 2..

data:

2

sin“(3
, b(r)= w, T €0, 1]. (57)
The analytical exact solution for z(&, t) is the same as that has been given in (45). The other input data is kept same as

it was used in Example 1 and

1 1
a(T) = 5‘1’2 — 5

e Tcos(mE)| 2 1
3e ‘r 3

,T) = .
8. 7) —1— 27 + cos(6r7)

With the above data, the assumptions of Theorem 1 can also be verified to affirm that we have unique solution to the
problem. The initial approximation for a and b are supposed to be

1 b4
4’ 3’
First, we use M = N = 40 and p = 0 to retrieve the unknown coefficients a(t), b(t) and z(&, =) for the analytical input
data. In Fig. 5(a), the unregularized function (49), i.e. § = 0 has been plotted versus number of iterations in absence of noise
in measurement data. It can be noted that after three iterations, there is a quick decline for getting a stipulated tolerance
of 0(1072%). The analytical (55) and approximate solutions to the function a(t) and b(t) are portrayed in Figs. 5(b) and
5(c). It is observed that the numerical outcomes are very accurate with RMSE(a) = 1.2000E-3 and RMSE(b) = 3.2607E-4.
Now, we discuss the case of noisy input data with p € {0.01%, 0.1%} by including Gaussian random noise in h(7) and
hy(7). We have also experimented with higher amounts of noise p in Eq. (54), but the results obtained were less accurate

a’(7j) = a(0) = b°(zj) = b(0) = i=1,2,...,N. (58)
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Fig. 6. The approximate and analytical (57) solutions of the potential a(t), and the source b(z), for p = 0.01%, with § € {0, 10~°, 1078, 1077}, for
Example 2.

and therefore they are not presented. From the previous analysis, as anticipated, without regularization, i.e.,, § = 0, the
least-squares minimization returns an unstable solution. Hence, for restoration of the stability, we need to utilize the
Tikhonov regularization approach by entering the stabilizer term in F(49). The analytical (57) and approximate solutions
for a(t) and b(t), with and without regularization are depicted in Figs. 6 and 7. From Figs. 6(a) and 7(a), it can be noticed
that the unstable (highly oscillatory) and inaccurate results are obtained for a(t) and b(t), if no regularization is installed
with RMSE(a) = 6.2124 and RMSE(b) = 1.4852 for p = 0.01%, and RMSE(a) = 49.9355 and RMSE(b) = 21.5272 for
p = 0.1%. In order to stabilize the coefficients a(t) and b(t), we employed regularization with § € {1072, 1078, 1077}
(see From Figs. 6(b) and 6(d)), obtaining RMSE(a) € {0.0353,0.0235,0.0117} and RMSE(b) € {0.1236, 0.0824, 0.0412}
for p = 0.01%, and § € {1077, 1075, 1073} (see From Figs. 7(b) and 7(d)), obtaining RMSE(a) € {0.0470, 0.0411, 0.0294}
and RMSE(b) € {0.1649, 0.1443, 0.1030} for p = 0.1%. The exact (45) and numerically approximated solutions for z(&, t),
without and with regularization, is plotted in Fig. 8, where the contribution of § > 0 in curtailing the instability of the
recovered temperature can be noted. For completeness, other RMSE values and the number of iterations, without and
with regularization are listed in Table 4. Overall, the computational outcomes produced by the FDM approach together
with Tikhonov’s regularization advocate that accurate and stable approximate solutions can be achieved for the ill-posed
third order in time PDE.

7. Conclusions

The article considers the problem of determining the timewise potential and force terms in the third order in time
PDE with homogeneous Neumann boundary conditions and the temperature observations. The unique solvability of the
auxiliary integral problem on a sufficiently small time interval has been proved by using of the contraction principle. Also
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Fig. 7. The approximate and analytical (57) solutions of the potential a(z), and the source b(t), for p = 0.1%, with § € {0, 1077, 1076, 107>}, for
Example 2.

Table 4
RMSE values, and no. of iterations, with p € {0.01%, 0.1%} noise, with
5 €{0,107°,1078,1077,1075, 1073, 104}, for Example 2.

p 8 RMSE(a) RMSE(b) Iter
0 6.2124 1.4852 41
10—° 0.0353 0.1236 20

0.01% 108 0.0235 0.0824 20
1077 0.0117 0.0412 20
10~ 0.0210 0.0599 20
0 49.9355 21.5272 61
107 0.0470 0.1649 30

0.1% 106 0.0411 0.1443 30
107> 0.0294 0.1030 30
1074 0.0304 0.2165 30

the uniqueness of the solution of the inverse problem is concluded from this assertion if it exists. The proposed work is
novel and has never been solved theoretically nor numerically before. The direct solver based on the FDM technique
was employed. The resulting non-linear optimization problem was solved computationally by means of the MATLAB
subroutine Isqnonlin. Since the problem under consideration was ill-posed, therefore, the Tikhonov regularization was
utilized in order to tackle the stability. The numerical results for the problem show that stable and accurate approximate
results have been obtained.
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