
Turkish Journal of Mathematics Turkish Journal of Mathematics 

Volume 43 Number 5 Article 21 

1-1-2019 

An approach to negative hypergeometric distribution by An approach to negative hypergeometric distribution by 

generatingfunction for special numbers and polynomials generatingfunction for special numbers and polynomials 

İREM KÜÇÜKOĞLU 

BURÇİN ŞİMŞEK 

YILMAZ ŞİMŞEK 

Follow this and additional works at: https://journals.tubitak.gov.tr/math 

 Part of the Mathematics Commons 

Recommended Citation Recommended Citation 
KÜÇÜKOĞLU, İ, ŞİMŞEK, B, & ŞİMŞEK, Y (2019). An approach to negative hypergeometric distribution by 
generatingfunction for special numbers and polynomials. Turkish Journal of Mathematics 43 (5): 
2337-2353. https://doi.org/10.3906/mat-1906-6 

This Article is brought to you for free and open access by TÜBİTAK Academic Journals. It has been accepted for 
inclusion in Turkish Journal of Mathematics by an authorized editor of TÜBİTAK Academic Journals. For more 
information, please contact academic.publications@tubitak.gov.tr. 

https://journals.tubitak.gov.tr/
https://journals.tubitak.gov.tr/
https://journals.tubitak.gov.tr/math
https://journals.tubitak.gov.tr/math/vol43
https://journals.tubitak.gov.tr/math/vol43/iss5
https://journals.tubitak.gov.tr/math/vol43/iss5/21
https://journals.tubitak.gov.tr/math?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol43%2Fiss5%2F21&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol43%2Fiss5%2F21&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.3906/mat-1906-6
mailto:academic.publications@tubitak.gov.tr


Turk J Math
(2019) 43: 2337 – 2353
© TÜBİTAK
doi:10.3906/mat-1906-6

Turkish Journal of Mathematics

http :// journa l s . tub i tak .gov . t r/math/

Research Article

An approach to negative hypergeometric distribution by generating function for
special numbers and polynomials

İrem KÜÇÜKOĞLU1, Burçin ŞİMŞEK2, Yılmaz ŞİMŞEK3∗

1Department of Engineering Fundamental Sciences, Faculty of Engineering, Alanya Alaaddin Keykubat University,
Antalya, Turkey

2Department of Statistics, University of Pittsburgh, USA
3Department of Mathematics, Faculty of Science University of Akdeniz, Antalya, Turkey

Received: 01.06.201 • Accepted/Published Online: 07.08.201 • Final Version: 28.09.2019

Abstract: The aim of this paper is to not only provide a definition of a new family of special numbers and polynomials
of higher-order with their generating functions, but also to investigate their fundamental properties in the spirit of
probabilistic distributions. By applying generating functions methods, we derive miscellaneous novel identities and
formulas involving the Chu–Vandermonde-type convolution formulas, combinatorial sums, Bernstein basis functions,
and the other well-known special numbers and polynomials. Moreover, we provide a computational algorithm which
returns special values of these numbers and polynomials. In addition, we show that our new identities and formulas
are connected with the interpolation functions of the Apostol-type numbers and polynomials. Finally, we present some
theoretical and applied details on probabilistic distributions arising from the aforementioned Chu–Vandermonde-type
convolution formulas.

Key words: Generating functions, Stirling numbers, Apostol–Bernoulli numbers, Apostol–Euler numbers,
Catalan numbers, combinatorial sums, binomial coefficients, Chu–Vandermonde convolution formula, probabil-
ity distribution

1. Introduction
Throughout this paper, we consider the numbers Yn (λ) and the polynomials Yn (x;λ) defined by the following
generating functions, respectively:

F (t, λ) =
2

λ (1 + λt)− 1
=

∞∑
n=0

Yn (λ)
tn

n!
, (1.1)

and

F (t, x, λ) =
2 (1 + λt)

x

λ (1 + λt)− 1
=

∞∑
n=0

Yn (x;λ)
tn

n!
(1.2)

(cf. [28]). Recently, many applications of these numbers and polynomials have been studied and investigated by
different authors (cf. [11, 13, 28–30, 34]). Recently, Khan et al. [11] constructed 2-variable of the polynomials
Yn (x;λ) . They gave quasimonomial properties of these polynomials on the Weyl group structure.
∗Correspondence: ysimsek@akdeniz.edu.tr
2010 AMS Mathematics Subject Classification: 05A10, 05A15, 11B37, 11B65, 11B68, 11B83, 26C05, 60C05.
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The main motivation of this article is to give some applications and investigations which have not been
examined so far by any authors. In this paper, the higher-order expansions of the numbers Yn (λ) and the
polynomials Yn (x;λ) are firstly constructed. Secondly, with the help of these extensions, many identities
including binomial coefficients and especially Vandermonde-type identities are generalized. Furthermore, a
generalized version of the probability functions for the negative hypergeometric distribution is achieved by
using the newly defined generalized Vandermonde-type identities.

The following notations and definitions are used in this paper:
Let N0 = {0, 1, 2, 3, . . .} , Z denotes the set of integers, Q denotes the set of rational numbers, R denotes

the set of real numbers, and C denotes the set of complex numbers. Let log z denote the principal branch of the
multivalued function log z with the imaginary part ℑ(log z) constrained by the interval (−π, π] . We assume
that

0n =

{
1, (n = 0)
0, (n ∈ N)

and (
z

v

)
=

z(z − 1) · · · (z − v + 1)

v!
(v ∈ N, z ∈ C)

and (
z

0

)
= 1,

(cf. [1–15, 17–34]).
In order to give the results of this paper, we need some definitions, relations, and formulas for special

numbers and polynomials including Stirling numbers, Apostol–Bernoulli numbers, Apostol–Euler numbers, and
Catalan numbers with their generating functions.

The Apostol–Bernoulli numbers B(k)n (λ) of order k are defined by the following generating function:(
t

λet − 1

)k

=

∞∑
n=0

B(k)n (λ)
tn

n!
, (1.3)

where |t| < 2π when λ = 1 and |t| < |log (λ)| when λ ̸= 1 (cf. [1–15, 17–34]; see also the references cited
therein).

Substituting k = 1 into (1.3), we have

Bn (λ) = B(1)n (λ) ,

where Bn (λ) denotes the Apostol–Bernoulli numbers (cf. [1–15, 17–34]; see also the references cited therein).
Substituting λ = 1 and k = 1 into (1.3), we have

Bn = Bn (1) ,

where Bn denotes the Bernoulli numbers (cf. [1–15, 17–34]; see also the references cited therein).
Note that the Apostol–Bernoulli numbers of order k are interpolated by the zeta-type functions as follows:

ζ (λ,−m, k) =

∞∑
n=0

(
n+ k − 1

n

)
λnnm = −

B(k)m+1 (λ)

m+ 1
(1.4)
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(cf. [1, 32, 33]; see also the references cited therein).

The Apostol–Euler numbers E(k)n (λ) of order k are defined by the following generating function:

(
2

λet + 1

)k

=

∞∑
n=0

E(k)n (λ)
tn

n!
, (1.5)

where |t| < |log (−λ)| (cf. [1–15, 17–33]; see also the references cited therein).
Setting k = 1 in (1.5), we have

En (λ) = E(1)n (λ) ,

where En (λ) denotes the Apostol–Euler numbers (cf. [1–15, 17–33]; see also the references cited therein).
When λ = 1 , the Apostol–Euler numbers reduce to the Euler numbers as follows:

En = En (1)

(cf. [1–15, 17–33]; see also the references cited therein).
The Stirling numbers of the first kind s (n, v) are defined by

(x)n =

n∑
v=0

s (n, v)xv, (1.6)

where (x)n denotes the falling factorial given by

(x)n = x (x− 1) (x− 2) . . . (x− n+ 1)

(x)0 = 1

and the generating function of the numbers s (n, k) is given by

(log (1 + t))
k

k!
=

∞∑
n=k

s (n, k)
tn

n!
(1.7)

(cf. [10, 17, 33]; see also the references cited therein).
The Catalan numbers Cn are defined by the following generating function:

1−
√
1− 4t

2t
=

∞∑
n=0

Cnt
n

where 0 < |t| ≤ 1
4 and C0 = 1 (cf. [15]). The explicit formula and the recurrence relation for the Catalan

numbers are given as follows, respectively:

Cn =
1

n+ 1

(
2n

n

)
, (1.8)

where n ≥ 0 , and
Cn

Cn−1
=

4n− 2

n+ 1
, (1.9)
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where n ≥ 1 (cf. [2] and [15, pp. 109-110]).
The rest of the present paper is given as follows:
In Section 2, we provide the definition of a new family of special numbers and polynomials of higher-order

with their generating functions. Furthermore, we investigate their fundamental properties by deriving explicit
formulas, recurrence relations, and a computational algorithm. In Section 3, by making use of generating
functions and their functional equations, we derive various identities and relations with the inclusion of not
only these numbers, but also the Apostol-type numbers, the Stirling numbers of the first kind, the Bernstein
basis functions, and combinatorial sums. In Section 4, we provide some derivative formulas arising from the
generating functions. In Section 5, by using functional equations of the generating function, we give Chu–
Vandermonde type convolution formulas. Additionally, we also give some relations among special values of
these formulas including the Catalan numbers and combinatorial sums. In Section 6, by deriving a negative
hypergeometric distribution, we give some observations and investigations associated with the aforementioned
Chu–Vandermonde type convolution formulas.

2. The numbers Y
(k)
n (λ) and the polynomials Y

(k)
n (x;λ)

Our motivation in this section is to define the higher-order of the recently defined family of special numbers
and polynomials unifying the Apostol-type numbers and polynomials. Moreover, we provide a computational
algorithm to compute special values of these numbers and polynomials.

Let k be a nonnegative integer and λ be a real or complex number. By taking these assumptions

in consideration, we define the numbers Y
(k)
n (λ) and the polynomials Y

(k)
n (x;λ) by means of the following

generating functions, respectively:

F (t, k;λ) =

(
2

λ (1 + λt)− 1

)k

=

∞∑
n=0

Y (k)
n (λ)

tn

n!
, (2.1)

and

F (t, x, k;λ) = F (t, k;λ) (1 + λt)
x
=

∞∑
n=0

Y (k)
n (x;λ)

tn

n!
. (2.2)

Substituting x = 0 into (2.2), we have

Y (k)
n (λ) = Y (k)

n (0;λ) . (2.3)

Notice that the numbers Y
(k)
n (λ) and the polynomials Y

(k)
n (x;λ) are the higher-order of the numbers

Yn (λ) and the polynomials Yn (x;λ) , respectively. Namely, if we set k = 1 in (2.1) and (2.2), the functions
F (t, k;λ) and F (t, x, k;λ) reduce to the F (t, λ) and F (t, x, λ) , respectively. Hence,

Yn (λ) = Y (1)
n (λ) ,

and
Yn (x;λ) = Y (1)

n (x;λ) .

Theorem 2.1

Y (k)
n (λ) = (−1)n

(
n+ k − 1

n

)
2kn!λ2n

(λ− 1)
k+n

. (2.4)
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Proof By using (2.1), we have

∞∑
n=0

Y (k)
n (λ)

tn

n!
=

2k

(λ− 1)
k
(

λ2

λ−1 t+ 1
)k .

Assume that
∣∣∣ λ2

λ−1 t
∣∣∣ < 1 . By using negative binomial series expansion in the above equation, we get

∞∑
n=0

Y (k)
n (λ)

tn

n!
=

2k

(λ− 1)
k

∞∑
n=0

(−1)n
(
n+ k − 1

n

)(
λ2

λ− 1

)n

tn. (2.5)

By comparing the coefficients of tn on both sides of the above equation, we obtain the desired result. 2

Substituting k = 1 into (2.4) yields the following known explicit formula:

Yn (λ) = (−1)n 2n!

λ− 1

(
λ2

λ− 1

)n

(cf. [28]).

By making use of (2.4), few values of the numbers Y
(k)
n (λ) are computed by

Y
(2)
0 (λ) =

4

(λ− 1)
2 , Y

(2)
1 (λ) = − 8λ2

(λ− 1)
3 ,

Y
(2)
2 (λ) =

24λ4

(λ− 1)
4 , Y

(2)
3 (λ) = − 96λ6

(λ− 1)
5 , . . .

Y
(3)
0 (λ) =

8

(λ− 1)
3 , Y

(3)
1 (λ) = − 24λ2

(λ− 1)
4 ,

Y
(3)
2 (λ) =

96λ4

(λ− 1)
5 , Y

(3)
3 (λ) = − 480λ6

(λ− 1)
6 , . . . .

By using (2.4), we also obtain a recurrence relation for the numbers Y
(k)
n (λ) by the following theorem:

Theorem 2.2 Let n be a positive integer and k be a nonnegative integer. By setting

Y
(k)
0 (λ) =

2k

(λ− 1)
k
,

the following recurrence relation holds true:

Y (k)
n (λ) =

λ2

1− λ
(n+ k − 1)Y

(k)
n−1 (λ) .

We give another recurrence relation for the numbers Y
(k)
n (λ) by the following theorem:
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Theorem 2.3 Let

Y
(k)
0 (λ) =

2k

(λ− 1)
k
,

and let n be positive integer. Then we have

k∑
j=0

(−1)k−j
(n)j

(
k

j

)
λ2j (1− λ)

k−j
Y

(k)
n−j (λ) = 0. (2.6)

Proof From (2.1), we have

2k =
(
λ2t+ λ− 1

)k ∞∑
n=0

Y (k)
n (λ)

tn

n!
.

Using binomial theorem yields

2k =

∞∑
n=0

k∑
j=0

(
k

j

)
λ2j (λ− 1)

k−j
Y (k)
n (λ)

tn+j

n!
.

Thus,

2k =

∞∑
n=0

k∑
j=0

(n)j

(
k

j

)
λ2j (λ− 1)

k−j
Y

(k)
n−j (λ)

tn

n!

=

∞∑
n=0

k∑
j=0

(−1)k−j
(n)j

(
k

j

)
λ2j (1− λ)

k−j
Y

(k)
n−j (λ)

tn

n!
.

From the above equation, we get the assertion of the theorem. 2

A relation between the numbers Y
(k)
n (λ) and the polynomials Y

(k)
n (x;λ) is given by the following

theorem:

Theorem 2.4 Let n be a nonnegative integer. Then we have

Y (k)
n (x;λ) =

n∑
j=0

(
n

j

)
λn−j (x)n−j Y

(k)
j (λ) . (2.7)

Proof It follows from equations (2.1) and (2.2) that

∞∑
n=0

Y (k)
n (x;λ)

tn

n!
=

∞∑
n=0

(x)n λ
n t

n

n!

∞∑
n=0

Y (k)
n (λ)

tn

n!
.

Using the Cauchy product rule and equalizing the coefficients of the variable tn

n! in the previous equation yields
the assertion of the theorem. 2

By combining (2.7) with (2.4) and (1.6), we arrive at the following corollary:
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Corollary 2.5

Y (k)
n (x;λ) = λn

(
2

λ− 1

)k n∑
j=0

n−j∑
v=0

(−1)j j!
(
n

j

)(
j + k − 1

j

)(
λ

λ− 1

)j

s (n− j, v)xv.

By making use of Corollary 2.5, we provide a computational algorithm (Algorithm 1) for computing the

polynomials Y
(k)
n (x;λ) .

Algorithm 1 Let n and k be nonnegative integers and λ ∈ C . This algorithm will return the polynomials
Y

(k)
n (x;λ) .
procedure HIGHER_Y_APOSTOL_TYPE_POLY(n : nonnegative integer, k : nonnegative integer, λ)

Local variables: j, v, Y
j, v, Y ← 0 . initial zero value for all
if n = 0 && k = 0 then

return 1
else

for all j in {0, 1, 2, . . . , n} do
for all v in {0, 1, 2, . . . , n− j} do

Y ← Y+Power(−1, j) ∗Factorial(j) ∗Binomial_Coef(n, j) ∗Binomial_Coef(j + k − 1, j)
↪→ ∗Power(λ/ (λ− 1) , j) ∗Stirling_Num_First(n− j, v) ∗Power(x, v)

end for
end for
return Power(λ, n) ∗Power(2/ (λ− 1) , k) ∗ Y

end if
end procedure

Some values of the polynomials Y
(k)
n (x;λ) , computed with the help of Algorithm 1, are given as follows:

Y
(k)
1 (x;λ) = λ

(
2

λ− 1

)k (
x− kλ

λ− 1

)
,

Y
(k)
2 (x;λ) = λ2

(
2

λ− 1

)k
(
x2 −

(
1 +

2kλ

λ− 1

)
x+ k (k + 1)

(
λ

λ− 1

)2
)
,

Y
(k)
3 (x;λ) = λ3

(
2

λ− 1

)k
(
x3 − 3

(
1 +

kλ

λ− 1

)
x2 +

(
2 +

3kλ

λ− 1
+ 3k (k + 1)

(
λ

λ− 1

)2
)
x

−k (k + 1) (k + 2)

(
λ

λ− 1

)3
)
, . . .

Remark 2.6 Note that since (2.3) holds true, the values of the numbers Y
(k)
n (λ) can be computed by substituting

x=0 into the polynomials Y
(k)
n (x;λ) obtained by the Algorithm 1.
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3. Some identities and relations for the numbers Y
(k)
n (λ)

In this section, by making use of generating functions and their functional equations, we derive some identities

and relations with the inclusion of not only the numbers Y
(k)
n (λ) , but also the Apostol-type numbers, the

Stirling numbers of the first kind, the Bernstein basis functions, and combinatorial sums.

Theorem 3.1
n∑

j=0

(−1)j Yj (λ)Yn−j (λ) =
4λ2n (1 + (−1)n) (n+ 1)!

(n+ 2) (λ− 1)
n+2 .

Proof
n∑

j=0

(−1)j Yj (λ)Yn−j (λ) =
4 (−1)n n!
(λ− 1)

2

(
λ2

λ− 1

)n n∑
j=0

(−1)j 1(
n
j

) . (3.1)

Substituting the following well-known identity (cf. [7, Eq. (5.13)], [27, Eq. (13)]):

n∑
j=0

(−1)j 1(
n
j

) = (1 + (−1)n) n+ 1

n+ 2

into Equation (3.1) and after some elementary calculations, we arrive at the desired result. 2

Theorem 3.2
n∑

j=0

Yj (λ)Yn−j (λ) =
(−1)n (n+ 1)!

2n−2 (λ− 1)
2

(
λ2

λ− 1

)n n∑
j=0

2j

j + 1
.

Proof
n∑

j=0

Yj (λ)Yn−j (λ) =
4 (−1)n n!
(λ− 1)

2

(
λ2

λ− 1

)n n∑
j=0

1(
n
j

) . (3.2)

Substituting the following well-known identity (cf. [35]):

n∑
j=0

1(
n
j

) =
n+ 1

2n

n∑
j=0

2j

j + 1

into Equation (3.2) and after some elementary calculations, we arrive at the desired result. 2

Recall that the Bernstein basis functions are defined by

Bk
j (λ) =

(
k

j

)
λj (1− λ)

k−j
, (3.3)

(cf. [18]). By substituting (3.3) into (2.6), we derive a relation between the Bernstein basis functions and the

numbers Y
(k)
n (λ) by the following theorem:

Theorem 3.3 If n is a positive integer, then we have

k∑
j=0

(−1)k−j
(n)j λ

jBk
j (λ)Y

(k)
n−j (λ) = 0.
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Theorem 3.4

Y (k)
v (λ) = (−1)k+1

2kλv
v∑

m=0

s (v,m)B(k)m+1 (λ)

m+ 1
. (3.4)

Proof Replacing 1 + λt by elog(1+λt) in (2.1), for
∣∣λelog(1+λt)

∣∣ < 1 , we have

∞∑
v=0

Y (k)
v (λ)

tv

v!
=

2k(
λelog(1+λt) − 1

)k
= (−1)k 2k

∞∑
n=0

(
n+ k − 1

n

)
λnen log(1+λt)

= (−1)k 2k
∞∑

n=0

(
n+ k − 1

n

)
λn

∞∑
m=0

[n log(1 + λt)]
m

m!
.

Combining (1.7) with the above equation yields:

∞∑
v=0

Y (k)
v (λ)

tv

v!
= (−1)k 2k

∞∑
n=0

(
n+ k − 1

n

)
λn

∞∑
m=0

nm
∞∑
v=0

s (v,m)
(λt)v

v!

= (−1)k 2k
∞∑
v=0

(
v∑

m=0

s (v,m)

∞∑
n=0

(
n+ k − 1

n

)
λnnm

)
(λt)v

v!
.

By comparing the coefficients of tv

v! on both sides of the above equation, we get

Y (k)
v (λ) = (−1)k 2kλv

v∑
m=0

s (v,m)

∞∑
n=0

(
n+ k − 1

n

)
λnnm. (3.5)

Combining (1.4) with (3.5) yields the assertion of the theorem. 2

Remark 3.5 Substituting k = 1 into (3.4), we get Theorem 9 in [34].

Theorem 3.6

Y (k)
m (−λ) = (−1)m+k

λm
m∑

n=0

E(k)n (λ) s (m,n) . (3.6)

Proof When we replace 1− λt by elog(1−λt) in (2.1), for
∣∣λelog(1−λt)

∣∣ < 1 , we have

∞∑
m=0

Y (k)
m (−λ) t

m

m!
=

2k (−1)k(
λelog(1−λt) + 1

)k
= (−1)k

∞∑
n=0

E(k)n (λ)
[log(1− λt)]

n

n!
.

Combining (1.7) with the above equation yields:

∞∑
m=0

Y (k)
m (−λ) t

m

m!
= (−1)k

∞∑
m=0

(
m∑

n=0

(−λ)m E(k)n (λ) s (m,n)

)
tm

m!
.
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After equalizing the coefficients of the variable tm

m! in the previous equation with the necessary calculations
yields the assertion of the theorem. 2

Remark 3.7 Substituting k = 1 into (3.6), we get Theorem 10 in [34].

4. Formulas arising from derivatives of the functions F (t, k;λ)

In this section, we obtain some derivative formulas and recurrence formulas for the numbers Y
(k)
n (λ) .

Theorem 4.1 Let n, k, v ∈ N0 . Then we have

Y
(k)
n+v (λ) =

(−1)v (k)(v) λ2v

2v
Y (k+v)
n (λ) . (4.1)

where
(x)

(n)
= x (x+ 1) (x+ 2) . . . (x+ n− 1) .

Proof Differentiating the functions F (t, k;λ) with respect to variable t , we obtain the following derivative
formula:

∂

∂t
{F (t, k;λ)} = −k

2
λ2F (t, k + 1;λ) .

Therefore, iterating the above derivation v times for the variable t yields the following partial differential
equation:

∂v

∂tv
{F (t, k;λ)} = (−1)v (k)(v) λ2v

2v
F (t, k + v;λ) .

Combining (2.1) with the above differential equation yields the assertion of the theorem. 2

Combining (2.4) with (4.1), we also get the following corollary:

Corollary 4.2 Let n, v, k ∈ N . Then we have(
n+ v + k − 1

n+ v

)
(n+ v)! =

(
n+ v + k − 1

n

)
(k)

(v)
n!. (4.2)

Theorem 4.3
d

dλ
Y (k)
n (λ) = −k

2

(
2λnY

(k+1)
n−1 (λ) + Y (k+1)

n (λ)
)
.

Proof Differentiating the functions F (t, k;λ) with respect to variable λ , we obtain the following derivative
formula:

∂

∂λ
{F (t, k;λ)} = −k

2
(2λt+ 1)F (t, k + 1;λ) .

From (2.1), we thus have

∞∑
n=0

d

dλ
Y (k)
n (λ)

tn

n!
= −k

2
(2λt+ 1)

∞∑
n=0

Y (k+1)
n (λ)

tn

n!
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= −kλt
∞∑

n=0

Y (k+1)
n (λ)

tn

n!
− k

2

∞∑
n=0

Y (k+1)
n (λ)

tn

n!

= −kλ
∞∑

n=0

nY
(k+1)
n−1 (λ)

tn

n!
− k

2

∞∑
n=0

Y (k+1)
n (λ)

tn

n!

=

∞∑
n=0

(
−kλnY (k+1)

n−1 (λ)− k

2
Y (k+1)
n (λ)

)
tn

n!
.

After equalizing the coefficients of the variable tn

n! in the previous equation with the necessary calculations
yields the assertion of the theorem. 2

5. Chu–Vandermonde-type convolution formula arising from functional equations of the generat-

ing function for the numbers Y
(k)
n (λ)

In this section, we give Chu–Vandermonde-type convolution formulas derived from functional equations of the
generating function F (t, k;λ) . We also give some special values of these formulas including the Catalan numbers
and combinatorial sums.

Let m ∈ N and k1, k2, . . . , km ∈ N . Using (2.1) yields the following functional equation:

F (t, k1 + k2 + · · ·+ km;λ) = F (t, k1;λ)F (t, k2;λ) . . .F (t, km;λ) .

By rearranging the above functional equation, we get

∞∑
n=0

Y (k1+k2+···+km)
n (λ)

tn

n!
=

( ∞∑
n=0

Y (k1)
n (λ)

tn

n!

)
· · ·

( ∞∑
n=0

Y (km)
n (λ)

tn

n!

)
.

Applying the Cauchy product rule in the above equation, we obtain

∞∑
n=0

Y (k1+k2+···+km)
n (λ)

tn

n!
=

∑
v1+v2+···+vm−1=n

Y
(km)
vm−1 (λ)

(vm−1)!

Y
(km−1)
vm−2 (λ)

(vm−2)!
· · ·

×Y
(k1)
v1 (λ)

v1!

Y
(k2)
n−v1−v2−···−vm−1

(λ)

(n− v1 − v2 − · · · − vm−1)!
tn,

where ∑
v1+v2+···+vm−1=n

denotes
n∑

vm−1=0

n−vm−1∑
vm−2=0

· · ·
n−v2−v3−···−vm−1∑

v1=0

.

By comparing the coefficients of tn in the above equation, we arrive at the following theorem:
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Theorem 5.1 Let m ∈ N , k1, k2, . . . , km ∈ N and n ∈ N0 . Then we have

Y (k1+k2+···+km)
n (λ) =

∑
v1+v2+···+vm−1=n

Cnv1,v2,...,vm−1
Y (km)
vm−1

(λ)Y (km−1)
vm−2

(λ) · · ·Y (k1)
v1 (λ)Y

(k2)
n−v1−v2−···−vm−1

(λ) ,

where

Cnv1,v2,...,vm−1
=

(
n

v1, v2, . . . , n− v1 − · · · − vm−1

)
=

n!

v1!v2! . . . (n− v1 − · · · − vm−1)!
.

Remark 5.2 Substituting m = 2 into Theorem 5.1, we have

Y (k1+k2)
n (λ) =

n∑
v1=0

(
n

v1

)
Y (k1)
v1 (λ)Y

(k2)
n−v1 (λ) . (5.1)

Additionally, if we set m = 3 in Theorem 5.1, we have

Y (k1+k2+k3)
n (λ) =

n∑
v2=0

n−v2∑
v1=0

(
n

v2

)(
n− v2
v1

)
Y (k1)
v1 (λ)Y

(k2)
n−v1−v2 (λ)Y

(k3)
v2 (λ) .

Theorem 5.3 Let m ∈ N , k1, k2, . . . , km ∈ N and n ∈ N0 . Then we have

(
k1 + k2 + · · ·+ km + n− 1

n

)
=

∑
v1+v2+···+vm−1=n

(
km + vm−1 − 1

vm−1

)(
km−1 + vm−2 − 1

vm−2

)
· · ·

×
(
k1 + v1 − 1

v1

)(
k2 + n− v1 − v2 − · · · − vm−1 − 1

n− v1 − v2 − · · · − vm−1

)
.

Proof By combining (2.4) with Theorem 5.1 yields the Chu–Vandermonde-type convolution formula. There-
fore, the details of the proof is omitted. 2

Next, we present some special cases of Theorem 5.3 by the following corollaries:

Corollary 5.4 Let k1, k2 ∈ N and n ∈ N0 . Then we have

(
k1 + k2 + n− 1

n

)
=

n∑
v1=0

(
k1 + v1 − 1

v1

)(
k2 + n− v1 − 1

n− v1

)
. (5.2)

Proof Substituting m = 2 into Theorem 5.3 yields the assertion of this corollary. Particularly, combining
(5.1) with (2.4) yields

n∑
v1=0

(
n

v1

)
Y (k1)
v1 (λ)Y

(k2)
n−v1

(λ) = (−1)n n!
(

2

λ− 1

)k1+k2 (
k1 + k2 + n− 1

n

)(
λ2

λ− 1

)n

. (5.3)
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By combining (2.4) with (5.3), we obtain

n∑
v1=0

(
n

v1

)(
(−1)v1

(
k1 + v1 − 1

v1

)
2k1v1!λ

2v1

(λ− 1)
k1+v1

)(
(−1)n−v1

(
k2 + n− v1 − 1

n− v1

)
2k2 (n− v1)!λ

2(n−v1)

(λ− 1)
k2+n−v1

)

= (−1)n n!
(

2

λ− 1

)k1+k2 (
k1 + k2 + n− 1

n

)(
λ2

λ− 1

)n

.

Doing straightforward calculations in the previous equation yields the desired result. 2

Remark 5.5 Substituting k1 = a + 1 and k2 = r + 1 into (5.2) yields Eq. (1.78) in [6], substituting
k1 = k2 = r + 1 into (5.2) yields Eq. (1.79) in [6], and also substituting k1 = r + 1 and k2 = n + r + 1

into (5.2) yields Eq. (1.82) in [6].

Substituting m = 3 into Theorem 5.3, we also obtain the following corollary:

Corollary 5.6 Let k1, k2, k3 ∈ N and let n ∈ N0 . Then we have

(
k1 + k2 + k3 + n− 1

n

)
=

n∑
v2=0

n−v2∑
v1=0

(
k1 + v1 − 1

v1

)(
k2 + n− v1 − v2 − 1

n− v1 − v2

)(
k3 + v2 − 1

v2

)
.

Remark 5.7 The well-known Chu–Vandermonde identity is given as follows:

(
x+ a

k

)
=

k∑
j=0

(
x

j

)(
a

k − j

)
(5.4)

(cf. [5, 10, 26]). Since some of the obtained combinatorial sums are analogues of (5.4), we call them Chu–
Vandermonde-type convolution formulas.

5.1. Some applications related to the Chu–Vandermonde-type convolution formulas
Here, we give some applications related to the obtained Chu-Vandermonde type convolution formulas and
provide some combinatorial sums.

Substituting k1 = k2 = n into (5.2), and since(
3n− 1

n

)
=

2

3

(
3n

n

)
,

we obtain the following corollary:

Corollary 5.8 Let n ∈ N0 . Then we have

(
3n

n

)
=

3

2

n∑
j=0

(
n+ j − 1

j

)(
2n− j − 1

n− j

)
.

Substituting k1 = n+ 1 and k2 = n into (5.2), we obtain the following corollary:
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Corollary 5.9 Let n ∈ N0 . Then we have

(
3n

n

)
=

n∑
j=0

(
n+ j

j

)(
2n− j − 1

n− j

)
. (5.5)

Corollary 5.10 Let n ∈ N0 . Then we have

Cn =
1

n+ 1

(
3n

n

)
− 1

n+ 1

n−1∑
j=0

(
n+ j

j

)(
2n− j − 1

n− j

)
. (5.6)

Proof By using (5.5), we have

(
3n

n

)
−
(
2n

n

)
=

n−1∑
j=0

(
n+ j

j

)(
2n− j − 1

n− j

)
.

Multiplying both sides of the above equation by 1
n+1 and using (1.8) yields the desired results. 2

In [26, Corollary 6.6], Simsek gave the following formula for the Catalan numbers:

Cn =
2n+ 1

n+ 1

2n∑
j=n

(−1)n+j

(
2n

j

)
1

j + 1
.

Combining the above equation with (5.6), we arrive at a combinatorial sum, including binomial coefficients, by
the following theorem:

Theorem 5.11 Let n ∈ N0 . Then we have

(
3n

n

)
=

2n∑
j=n

(−1)n+j

(
2n

j

)
2n+ 1

j + 1
+

n−1∑
j=0

(
n+ j

j

)(
2n− j − 1

n− j

)
.

6. Probabilistic distributions arising from the Chu–Vandermonde-type formulas
In this section, we give some theoretical and applied details on probabilistic distributions arising from the
aforementioned Chu–Vandermonde type convolution formulas.

By using Theorem 5.3, we arrive at the following probability functions for negative hypergeometric-type
distribution with the parameters k1, k2, . . . , km and n with the random variables (v1, v2, . . . , vn) :

f (v1, . . . , vn; k1 + · · ·+ km + n− 1, n, k1, . . . , kn)

=

(
km+vm−1−1

vm−1

)(
km−1+vm−2−1

vm−2

)
· · ·
(
k1+v1−1

v1

)(
k2+n−v1−v2−···−vm−1−1

n−v1−v2−···−vm−1

)(
k1+k2+···+km+n−1

n

) . (6.1)

By Theorem 5.3, we see that∑
v1+v2+···+vm−1=n

f (v1, . . . , vn; k1 + · · ·+ km + n− 1, n, k1, . . . , kn) = 1.
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Substituting n = 2 into (6.1), (6.1) reduces to (6.2). That is, this gives us the following well-known
probability function for negative hypergeometric distribution:

f (v1, k1 + k2 + n− 1, n, k1) =

(
v1+k1−1

v1

)(
k2+n−v1−1

n−v1

)(
k1+k2+n−1

n

) , (6.2)

where k1 + k2 + n − 1 is the population size, n is the number of success states in the population, k1 is the
number of failures, v1 is the number of observed successes for 0 ≤ v1 ≤ n ; 0 ≤ k1 ≤ n (cf. [9, 16]).

Moment-generating function for the probability function f (v1, . . . , vn; k1 + · · ·+ km + n− 1, n, k1, . . . , kn)

is given by

M (t; k1, . . . , km, n) =
∑

v1+v2+···+vm−1=n

et(v1+v2+···+vm−1)f (v1, . . . , vn; k1 + · · ·+ km + n− 1, n, k1, . . . , kn) .

The j -th moment is the j -th derivative of M (t; k1, . . . , km, n) computed at t = 0 . That is

dj

dtj
{M (t; k1, . . . , km, n)}

∣∣∣∣
t=0

= µj .

In the special case of the above equation when m = 2 , we have

µ1 =
nk1

k1 + k2
,

µ2 =
nk1 (n (1 + k1) + k2)

(k1 + k2) (1 + k1 + k2)
,

(cf. [9, 16]).

Acknowledgment
The third author was supported by the Scientific Research Project Administration of Akdeniz University.

References

[1] Apostol TM. On the Lerch zeta function. Pacific Journal of Mathematics 1951; 1: 161-167.

[2] Bona M. Introduction to Enumerative Combinatorics. New York, NY, USA: The McGraw-Hill Companies Inc.,
2007.

[3] Boyadzhiev KN. Apostol–Bernoulli functions, derivative polynomials and Eulerian polynomials. arXiv:0710.1124v1,
2007.

[4] Djordjevic GB, Milovanovic GV. Special classes of polynomials. Leskovac, Serbia: University of Nis, Faculty of
Technology, 2014.

[5] Gould HW. Inverse series relations and other expansions involving Humbert polynomials. Duke Mathematical
Journal 1965; 32 (4): 697-712.

[6] Gould HW. Combinatorial Identities: Table I: Intermediate Techniques for Summing Finite Series. Available at
http://www.math.wvu.edu/~gould/Vol.4.PDF.

[7] Gould HW. Fundamentals of Series: Table III: Basic Algebraic Techniques. Available at http://www.math.wvu.
edu/~gould/Vol.3.PDF.

2351

http://www.math.wvu.edu/~gould/Vol.4.PDF
http://www.math.wvu.edu/~gould/Vol.3.PDF
http://www.math.wvu.edu/~gould/Vol.3.PDF


KÜÇÜKOĞLU et al./Turk J Math

[8] Hilton P, Pedersen J. Catalan numbers, their generalization, and their uses. Mathematical Intelligencer 1991; 13
(2): 64-75.

[9] Johnson NL, Kemp AW, Kotz S. Univariate Discrete Distributions, Third Edition. New Jersey, USA: Wiley Series
in Probability and Statistics, 2005.

[10] Jordan C. Calculus of Finite Differences (2nd ed.). New York, NY, USA: Chelsea Publishing Company, 1950.

[11] Khan S, Nahid T, Riyasat M. Partial derivative formulas and identities involving 2-variable Simsek polynomials.
Boletín de la Sociedad Matemática Mexicana 2019 ; 1-13. doi: 10.1007/s40590-019-00236-4

[12] Kim DS, Kim T, Seo J. A note on Changhee numbers and polynomials. Advanced Studies in Theoretical Physics
2013; 7: 993-1003.

[13] Kim DS, Kim T. Differential equations associated with degenerate Changhee numbers of the second kind. Revista
de la Real Academia de Ciencias Exactas, Físicas y Naturales. Serie A. Matemáticas 2019; 113 (3): 1785-1793.

[14] Kim DS, Kim T. Daehee numbers and polynomials. Applied Mathematical Sciences 2013; 7: 5969-5976.

[15] Koshy T. Catalan numbers with applications. New York, NY, USA: Oxford University Press, 2009.

[16] Lawrence L. Univariate Distribution Relationships. Negative hypergeometric distribution. Available at http://www.
math.wm.edu/~leemis/chart/UDR/UDR.html.

[17] Liu GD, Zhang WP. Applications of an explicit formula for the generalized Euler numbers. Acta Mathematica
Sinica, English Series 2008; 24 (2): 343-352.

[18] Lorentz GG. Bernstein Polynomials. New York, NY, USA: Chelsea Publishing Comp., 1986.

[19] Luo QM. Apostol–Euler polynomials of higher order and Gaussian hypergeometric functions. Taiwanese Journal of
Mathematics 2006; 10: 917-925.

[20] Luo QM. The multiplication formulas for the Apostol–Bernoulli and Apostol–Euler polynomials of higher order.
Integral Transforms and Special Functions 2009; 20: 377-391.

[21] Lu DQ, Srivastava HM. Some series identities involving the generalized Apostol type and related polynomials.
Computers & Mathematics with Applications 2011; 62: 3591-3602.

[22] Luo QM, Srivastava HM. Some generalizations of the Apostol–Bernoulli and Apostol–Euler polynomials.Journal of
Mathematical Analysis and Applications 2005; 308: 290-302.

[23] Luo QM, Srivastava HM. Some generalizations of the Apostol–Genocchi polynomials and the Stirling numbers of
the second kind. Applied Mathematics and Computation 2011; 217: 5702-5728.

[24] Ozden H, Simsek Y. Modification and unification of the Apostol-type numbers and polynomials and their applica-
tions. Applied Mathematics and Computation 2014; 235: 338-351.

[25] Simsek Y. Generating functions for generalized Stirling type numbers, array type polynomials, Eulerian type
polynomials and their applications. Fixed Point Theory and Applications 2013; 87: 343-355.

[26] Simsek Y. Analysis of the Bernstein basis functions: an approach to combinatorial sums involving binomial
coefficients and Catalan numbers. Mathematical Methods in the Applied Sciences 2015; 38 (14): 3007-3021.

[27] Simsek Y. Combinatorial identities associated with Bernstein type basis functions. Filomat 2016; 30 (7): 1683-1689.

[28] Simsek Y. Construction of some new families of Apostol-type numbers and polynomials via Dirichlet character and
p -adic q -integrals. Turkish Journal of Mathematics 2018; 42: 557-577.

[29] Simsek Y, So JS. Identities, inequalities for Boole-type polynomials: approach to generating functions and infinite
series. Journal of Inequalities and Applications 2019; 62. doi: 10.1186/s13660-019-2006-x

[30] Simsek Y, So JS. On generating functions for Boole type polynomials and numbers of higher order and their
applications. Symmetry 2019; 11 (3): 352. doi: 10.3390/sym11030352

[31] Srivastava HM, Manocha HL. A Treatise on Generating Functions. Chichester, UK: Ellis Horwood Limited Pub-
lisher, 1984.

2352

http://www.math.wm.edu/~leemis/chart/UDR/UDR.html
http://www.math.wm.edu/~leemis/chart/UDR/UDR.html


KÜÇÜKOĞLU et al./Turk J Math

[32] Srivastava HM, Kim T, Simsek Y. q -Bernoulli numbers and polynomials associated with multiple q -zeta functions
and basic L -series. Russian Journal of Mathematical Physics 2005; 12: 241-268.

[33] Srivastava HM, Choi J. Zeta and q -zeta functions and associated series and integrals. New York, NY, USA: Elsevier
Science Publishers, 2012

[34] Srivastava HM, Kucukoglu I, Simsek Y. Partial differential equations for a new family of numbers and polynomials
unifying the Apostol-type numbers and the Apostol-type polynomials. Journal of Number Theory 2017; 181: 117-
146.

[35] Sury B. Sum of the reciprocals of the binomial coefficients. European Journal of Combinatorics 1993; 14: 351-353.

2353


	An approach to negative hypergeometric distribution by generatingfunction for special numbers and polynomials
	Recommended Citation

	Introduction
	The numbers Yn( k) ( )  and the polynomials Yn( k) ( x;) 
	Some identities and relations for the numbers Yn( k) ( ) 
	Formulas arising from derivatives of the functions F ( t,k;) 
	Chu–Vandermonde-type convolution formula arising from functional equations of the generating function for the numbers Yn( k) ( ) 
	Some applications related to the Chu–Vandermonde-type convolution formulas

	Probabilistic distributions arising from the Chu–Vandermonde-type formulas

