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Abstract: The aim of this paper is to not only provide a definition of a new family of special numbers and polynomials
of higher-order with their generating functions, but also to investigate their fundamental properties in the spirit of
probabilistic distributions. By applying generating functions methods, we derive miscellaneous novel identities and
formulas involving the Chu—Vandermonde-type convolution formulas, combinatorial sums, Bernstein basis functions,
and the other well-known special numbers and polynomials. Moreover, we provide a computational algorithm which
returns special values of these numbers and polynomials. In addition, we show that our new identities and formulas
are connected with the interpolation functions of the Apostol-type numbers and polynomials. Finally, we present some
theoretical and applied details on probabilistic distributions arising from the aforementioned Chu—Vandermonde-type

convolution formulas.

Key words: Generating functions, Stirling numbers, Apostol-Bernoulli numbers, Apostol-Euler numbers,
Catalan numbers, combinatorial sums, binomial coefficients, Chu—Vandermonde convolution formula, probabil-
ity distribution

1. Introduction
Throughout this paper, we consider the numbers Y, (A) and the polynomials Y, (x; A) defined by the following

generating functions, respectively:

F(t,\) = ﬁ = ;Oyn (A) g (1.1)
and
P2, A) = m - ;Yn (m)% (1.2)

(¢f. [28]). Recently, many applications of these numbers and polynomials have been studied and investigated by
different authors (¢f. [11, 13, 28-30, 34]). Recently, Khan et al. [11] constructed 2-variable of the polynomials

Y, (z; A). They gave quasimonomial properties of these polynomials on the Weyl group structure.

*Correspondence: ysimsek@akdeniz.edu.tr
2010 AMS Mathematics Subject Classification: 05A10, 05A15, 11B37, 11B65, 11B68, 11B&3, 26C05, 60C05.
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The main motivation of this article is to give some applications and investigations which have not been
examined so far by any authors. In this paper, the higher-order expansions of the numbers Y, (A) and the
polynomials Y, (z;\) are firstly constructed. Secondly, with the help of these extensions, many identities
including binomial coefficients and especially Vandermonde-type identities are generalized. Furthermore, a
generalized version of the probability functions for the negative hypergeometric distribution is achieved by
using the newly defined generalized Vandermonde-type identities.

The following notations and definitions are used in this paper:

Let Ng ={0,1,2,3,...}, Z denotes the set of integers, Q denotes the set of rational numbers, R denotes
the set of real numbers, and C denotes the set of complex numbers. Let log z denote the principal branch of the

multivalued function logz with the imaginary part S(logz) constrained by the interval (—m, 7). We assume

that
0" — 1, (n=0)
10, (neN)
and
z :z(zfl)~~(zfv+1) (WeN, zeQ)
v ! ’
and

(cf. [1-15, 17-34]).
In order to give the results of this paper, we need some definitions, relations, and formulas for special
numbers and polynomials including Stirling numbers, Apostol-Bernoulli numbers, Apostol-Euler numbers, and

Catalan numbers with their generating functions.
The Apostol-Bernoulli numbers B (A) of order k are defined by the following generating function:
<t>k = i B (\) " (1.3)
Aet — 1 = " n!’

where |t| < 2r when A = 1 and |¢| < |[log(A)| when XA # 1 (¢f. [1-15, 17-34]; see also the references cited
therein).

Substituting k£ =1 into (1.3), we have
B, (\) =BY(\),

where B,, (\) denotes the Apostol-Bernoulli numbers (¢f. [1-15, 17-34]; see also the references cited therein).
Substituting A =1 and k =1 into (1.3), we have

where B,, denotes the Bernoulli numbers (¢f. [1-15, 17-34]; see also the references cited therein).

Note that the Apostol-Bernoulli numbers of order k& are interpolated by the zeta-type functions as follows:

< m+k—1\., .  BF O
C(A,m,k)Z( . )/\n :7#(1) (1.4)

n=0
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(cf. [1, 32, 33]; see also the references cited therein).

The Apostol-Euler numbers &Ebk) (M) of order k are defined by the following generating function:

k oo n

n=0

where [t] < [log (=A)| (cf. [1-15, 17-33]; see also the references cited therein).
Setting k=1 in (1.5), we have
En(N) =€ (),

where &, (\) denotes the Apostol-Euler numbers (¢f. [1-15, 17-33]; see also the references cited therein).

When A\ =1, the Apostol-Euler numbers reduce to the Euler numbers as follows:
E,=¢&,(1)

(cf. [1-15, 17-33]; see also the references cited therein).
The Stirling numbers of the first kind s (n,v) are defined by

n
(@), =Y s(n,v)a", (1.6)
where (2), denotes the falling factorial given by

(), =z(x—-1)(x—-2)...(r—n+1)

and the generating function of the numbers s (n, k) is given by

log (1 =
M =Y s(n (1.7)
n=~k

(cf. [10, 17, 33]; see also the references cited therein).

The Catalan numbers C), are defined by the following generating function:

Vl_ iCt”

where 0 < [t| < % and Cy = 1 (¢f. [15]). The explicit formula and the recurrence relation for the Catalan

numbers are given as follows, respectively:

C, =1 <2”) (1.8)

where n > 0, and
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where n > 1 (¢f [2] and [15, pp. 109-110]).

The rest of the present paper is given as follows:

In Section 2, we provide the definition of a new family of special numbers and polynomials of higher-order
with their generating functions. Furthermore, we investigate their fundamental properties by deriving explicit
formulas, recurrence relations, and a computational algorithm. In Section 3, by making use of generating
functions and their functional equations, we derive various identities and relations with the inclusion of not
only these numbers, but also the Apostol-type numbers, the Stirling numbers of the first kind, the Bernstein
basis functions, and combinatorial sums. In Section 4, we provide some derivative formulas arising from the
generating functions. In Section 5, by using functional equations of the generating function, we give Chu—
Vandermonde type convolution formulas. Additionally, we also give some relations among special values of
these formulas including the Catalan numbers and combinatorial sums. In Section 6, by deriving a negative
hypergeometric distribution, we give some observations and investigations associated with the aforementioned

Chu—-Vandermonde type convolution formulas.

2. The numbers ;") (M) and the polynomials VAR (z; M)

Our motivation in this section is to define the higher-order of the recently defined family of special numbers
and polynomials unifying the Apostol-type numbers and polynomials. Moreover, we provide a computational
algorithm to compute special values of these numbers and polynomials.

Let k be a nonnegative integer and A be a real or complex number. By taking these assumptions

in consideration, we define the numbers Y,* (M) and the polynomials Y, # (z;\) by means of the following

generating functions, respectively:

Ft ks ) = (A(fM) ZY(k) (2.1)

and

F(tyz, ke N) = F(t ks \) (14 M)* ZY(’“) 5A) (2.2)

Substituting = = 0 into (2.2), we have
Yy = Y (0. (2)

Notice that the numbers Y," (\) and the polynomials v,k (x A) are the higher-order of the numbers
Y, (A) and the polynomials Y;, (z; ), respectively. Namely, if we set £k = 1 in (2.1) and (2.2), the functions
F(t,k;\) and F (t,z, k; \) reduce to the F (t,\) and F (¢,x, \), respectively. Hence,

and
Y, (2 0) = Y, (23 0)
Theorem 2.1
+Ek—1\ 2kna2"
YE (A\) = (—=1)" K _— 2.4
o= (M) (2.4
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Proof By using (2.1), we have

tn ok

1 k-
=0 -t ()

Assume that ‘)\’\—jlt‘ < 1. By using negative binomial series expansion in the above equation, we get

ingkﬂ OV tn i <n+k_1> ()\A_zl>nt". (2.5)

n=0 =

By comparing the coefficients of ¢ on both sides of the above equation, we obtain the desired result.

Substituting k =1 into (2.4) yields the following known explicit formula:

(cf. [28]).
By making use of (2.4), few values of the numbers v,k (A\) are computed by
2
W0 = P =
(A=1) (A=1)
4 6
}/.2(2)()\) _ 24\ 47Y3(2)(>‘):* 96\ .
(A—1) (A—1)
(3) 8 (3) - 242
Yo7 () = , A)=— ,
0 ( ) ()\_1)3 1 ( ) ()\—1)4
4 6
WO = v ) =
A—1) A—1)

By using (2.4), we also obtain a recurrence relation for the numbers Yn(k) (M) by the following theorem:

Theorem 2.2 Let n be a positive integer and k be a nonnegative integer. By setting

2k:

% = G

the following recurrence relation holds true:

2

O

Ty (R DYE ).

We give another recurrence relation for the numbers erk) (A) by the following theorem:
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Theorem 2.3 Let

2k:
y (k) _ 7
0 ( ) (>\ _ 1)k
and let n be positive integer. Then we have
i k
k—j j k—j v (k
ST ()" (), (j)w -7y () =o. (2.6)
j=0
Proof From (2.1), we have
Fo %1 Sy ® g
2 = (Nt + A1) Z)Y,L () —
Using binomial theorem yields
i o k k . k=3 v (k) tnti
_ 7y — 1)F
ok — ZZ (j))\ A =DV () —
n=0 j=0
Thus,
ook k . m
. e i
D ) M (4 P EE e U
n=0 j=0
ok k m
k—j j k—j - (k
= Y S ) ), (j)AQJ SEEDYLED ALNOY o
n=0 ;=0
From the above equation, we get the assertion of the theorem. O

A relation between the numbers Y,*) (\) and the polynomials v,k (z;A) is given by the following

theorem:

Theorem 2.4 Let n be a nonnegative integer. Then we have

Y8 (23 0) = an (”) A (), Y (N (2.7)

i=o M

Proof Tt follows from equations (2.1) and (2.2) that

00 n o] n o] n
Z (k) (o )2 E: n’_ } : (k) Z
n=0 n=0 n=0

Using the Cauchy product rule and equalizing the coefficients of the variable % in the previous equation yields
the assertion of the theorem. O

By combining (2.7) with (2.4) and (1.6), we arrive at the following corollary:

2342
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Corollary 2.5

Y (2 )\)—)\"( _1)k S : ( )(”’;_1) (L)js(n—j,v)x".

j=0v=

By making use of Corollary 2.5, we provide a computational algorithm (Algorithm 1) for computing the

polynomials y,{o) (z; M.

Algorithm 1 Let n and k be nonnegative integers and A € C. This algorithm will return the polynomials
Vi (w;1).
procedure HIGHER _Y_APOSTOL _TYPE_POLY(n: nonnegative integer, k: nonnegative integer, \)
Local variables: j,v,Y
7,0, Y <0 > initial zero value for all
if n=0&& k=0 then
return 1
else
for all j in {0,1,2,...,n} do
for all v in {0,1,2,...,n—j} do
Y < Y+Power(—1,j)*Factorial (j) *Binomial_Coef (n,j)*Binomial_Coef (j + k — 1,7)
— «*Power(A/ (A —1),7)*Stirling Num_First(n — j,v) *Power (z,v)

end for
end for
return Power (\,n) xPower (2/ (A — 1) ,k) Y
end if
end procedure

Some values of the polynomials v,k (z; \), computed with the help of Algorithm 1, are given as follows:

v () = )\<>\21>k <:L‘—)\k_)\1>
Vi (2;0) = /\2(A2_1)k< (1+)\2]€/\1)x+k(k+1)()\il>2>,
v () = /\3<A2_1)k<m —3<1+A]€_A1> <2+)?]j)\+3k(k+1)()\il>2>x

—k(k+1) (k+2) (AA_1)3>

Remark 2.6 Note that since (2.3) holds true, the values of the numbers y,® (A) can be computed by substituting
x=0 into the polynomials y,{F) (z;A) obtained by the Algorithm 1.
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3. Some identities and relations for the numbers ;) (N

In this section, by making use of generating functions and their functional equations, we derive some identities

and relations with the inclusion of not only the numbers ngk) (M), but also the Apostol-type numbers, the

Stirling numbers of the first kind, the Bernstein basis functions, and combinatorial sums.

Theorem 3.1
_ AN (1+ (=1)") (n+ 1)!
(n+2)(A—1)""

Proof

~ . v oAD" N NS
> s 0= () > gy

Substituting the following well-known identity (c¢f. [7, Eq. (5.13)], [27, Eq. (13)]):

" ;1 o+ 1
Z(—l) @—(H(—l) )nJr2

Jj=0

into Equation (3.1) and after some elementary calculations, we arrive at the desired result.

Theorem 3.2

" D"+ A\ Y
ZY}(MY””'(A)_ =2 (\ —1)? (A—l) §j+1~

Proof

, ‘ & .
=0 (A=1) =0 \j )
Substituting the following well-known identity (cf. [35]):
~ 1 ntl~ 2
Z (?) P Z Jj+1

J=0 =0

into Equation (3.2) and after some elementary calculations, we arrive at the desired result.

Recall that the Bernstein basis functions are defined by

BF(\) = <’;) N (1 -\

(3.1)

(3.3)

(cf. [18]). By substituting (3.3) into (2.6), we derive a relation between the Bernstein basis functions and the

numbers Y% (M) by the following theorem:

Theorem 3.3 If n is a positive integer, then we have

k
ST ), MBE) Y, () =0
0

j=
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Theorem 3.4

v B(k) ()\)
Y0 () = (<1t gipe § 200 By (A 3.4
00 = (Cpprtae 32 S (3.4)
Proof Replacing 1+ At by €612 in (2.1), for |Ae*e(HA)| < 1, we have
S tv 2k
Svrwh - k.
=0 ! (Aelog(1+)\t) _ 1)
ko (P E =T o es(ia0)
= (-D"2k> ( . e
n=0
> /n+k—-1 = [nlog(1+ )™
= (=1)kok " ny s T
(=1) Z ( n ))\ Z m!
n=0 m=0
Combining (1.7) with the above equation yields:
= tv n+k-1),, — = (L)Y
(k) L (L1\kok n m
ZYv ()\)v! = (-1)"2 Z( , )/\ Zn Zs(v,m) ”
v=0 n=0 m=0 v=0
Ry Ntk =1\, .\ ()Y
= (=1) 2k2<23(v,m) ( n >)\n ) W
v=0 \m=0 n=0
By comparing the coefficients of ’;—U, on both sides of the above equation, we get
v o0
+k—1
Y9 (A) = (=1)F 2k " A, 3.5
b (A) = (=1) %S(U,m)g n n (3.5)
Combining (1.4) with (3.5) yields the assertion of the theorem. O
Remark 3.5 Substituting k =1 into (3.4), we get Theorem 9 in [34].
Theorem 3.6
YV (=) = (=)™ A" Y 2R () s (m.n). (36)

n=0

Proof When we replace 1 — A\t by e'°e(1=A) in (2.1), for |)\elog(1*>‘t)| < 1, we have

[e’s] k k
Z Y, B (—)) il — 2" (-1)
ot m m)! ()\elog(lfkt) 4 1)k

~ (1 i £ (3) [log(1 — At)]"

n!

Combining (1.7) with the above equation yields:

Sy = <1)’“Z<Z<A>m6,5’“>ms<m,n>> =
2 | |

m=0 \n=0
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After equalizing the coefficients of the variable % in the previous equation with the necessary calculations

yields the assertion of the theorem. O
Remark 3.7 Substituting k = 1 into (3.6), we get Theorem 10 in [34].

4. Formulas arising from derivatives of the functions F (¢, k; \)

In this section, we obtain some derivative formulas and recurrence formulas for the numbers v, (k) (A).
Theorem 4.1 Let n,k,v € Ng. Then we have

v (v) v
v, (o = CLT A e ). (41)

where
@) =z@+1)(x+2)...(x+n—1).

Proof Differentiating the functions F (¢, k; \) with respect to variable ¢, we obtain the following derivative

formula:

9 . — k 2 .
o F (BN} = —ZNF (k4 1),

Therefore, iterating the above derivation v times for the variable t yields the following partial differential

equation:
ov -1 v k (v) )\21}
{Ft,ksN)} = %}"(t,k +v3A).
otv 2v
Combining (2.1) with the above differential equation yields the assertion of the theorem. a

Combining (2.4) with (4.1), we also get the following corollary:

Corollary 4.2 Let n,v,k € N. Then we have

(n—|—v+k—1> (n+v)!:<n+v+k—1) () nt. (4.2)

n-+v n

Theorem 4.3

d k
2 y(k) " (k+1) (k+1)
d)\Y" N 5 <2z\nYn_1 N +Y, (/\)) .

Proof Differentiating the functions F (¢, k; A\) with respect to variable A\, we obtain the following derivative

formula:

0 k
—{F (kN =—= X+ 1) F (L, k+1;N).
1)) 2

From (2.1), we thus have

> YRS = o ea+n)> YR )=
2t ) 5 ( +)n:On )
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= katZ y B+ ( Z v (k+1)

n=0

= —k\ Z ny FTD Z YD) ()

nO

> k k tm
= > (kAnYH” () = Y <A>) =
1=

After equalizing the coefficients of the variable ’;—, in the previous equation with the necessary calculations

yields the assertion of the theorem. O

5. Chu—Vandermonde-type convolution formula arising from functional equations of the generat-
ing function for the numbers v,k (\)

In this section, we give Chu—Vandermonde-type convolution formulas derived from functional equations of the
generating function F (¢, k; A). We also give some special values of these formulas including the Catalan numbers
and combinatorial sums.

Let m € N and k1, ko, ..., ky € N. Using (2.1) yields the following functional equation:

Ftyki+ka+ -+ kmA) =F (ki \) F(t ks A) oo F (G ks A)

By rearranging the above functional equation, we get

3 yfhtkat ot () = (Z Y0 () n') (Z V) () n,) :
: n=0 ’ )

n=0 n=0

Applying the Cauchy product rule in the above equation, we obtain

n (k’m) (kmf )
i Y(k1+k2+“'+km) (A) L _ Z Y'Umfl ()\) YUm—Z ! ()\) .

n !
n=0 " V14Vt V1= (vm-1)! (vm—2)!

k
vy Y )

— n
X 0 't ,
vy! (TL*’U1*U27 co— Uppe1)!
where
V1t+v2t ot Um—1=N
denotes
N—Um_1  N—U2—U3——Um_1
Vi —1=0 Uy _2=0 v1=0

By comparing the coefficients of ¢ in the above equation, we arrive at the following theorem:
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Theorem 5.1 Let m € N, ki, ks,....ky € N and n € Ng. Then we have

1 ot km — n m m— 1 k
vt Q)= 3T Oy Y )Y )y gy,
v1tvettUm_1=n
where
n
cr =
V1,02,V —1 (Ul,U27~--,n_v1 —"‘_Um1>
n!
T DU (N P [

Remark 5.2 Substituting m = 2 into Theorem 5.1, we have
o1 2 n . k.
v () = 3 (1 v, o), 6.)
1)1:0
Additionally, if we set m =3 in Theorem 5.1, we have

ey = 35 () (1) e i )
2

v
V2 =0 V1 =0 1

Theorem 5.3 Let m € N, ky,ko,....kn, € N and n € Ny. Then we have

ki +ko+---+k,+n-—1 . Z km + U1 — 1 km—1+ Um—o—1
" =

v14vat U _1=n Ym—1 Ym—2
« ki +v1 —1 ko+n—vy —vg— - —Upy_1—1
vy =V =V == Up_1 '
Proof By combining (2.4) with Theorem 5.1 yields the Chu—Vandermonde-type convolution formula. There-
fore, the details of the proof is omitted. O

Next, we present some special cases of Theorem 5.3 by the following corollaries:

Corollary 5.4 Let ki,ko € N and n € Nyg. Then we have
ky+k -1 " [k —1\ [k —v —1
<1+2+” )Z(1+”l )(*” oL ) (5.2)
n 0120 U1 n—uv

Proof Substituting m = 2 into Theorem 5.3 yields the assertion of this corollary. Particularly, combining
(5.1) with (2.4) yields

n kq+ko

S (o m-coa () (R () e

n
V1 =0
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By combining (2.4) with (5.3), we obtain

Zn: n (1) ky+ov — 1\ 2k IN2n (—1y"™ ko +n — v — 1Y\ 2F2 (n — vl)!)\z(”ﬂ’l)
vy 1 (A —1)frtm n—uv (A — 1)l2trmm

U1 =0
k k
Cra(20) T (R (XY
= (-)"n!{—— .
A—1 n A—1
Doing straightforward calculations in the previous equation yields the desired result. O

Remark 5.5 Substituting k1 = a + 1 and ko = 7+ 1 into (5.2) yields Eq. (1.78) in [6], substituting
k1 = ke = r+ 1 into (5.2) yields Eq. (1.79) in [6], and also substituting kv = r+ 1 and ks = n+r+1
into (5.2) yields Eq. (1.82) in [6].

Substituting m = 3 into Theorem 5.3, we also obtain the following corollary:
Corollary 5.6 Let k1, ko, ks € N and let n € Ny. Then we have
(k1—|—k2—|—k3—|—n—1) . Xn:niQ<k1+’01—1>(k2+n—’01—1}2—1)<k3+U2—1>
n = v1 n—v; — Vo Vg ’
Remark 5.7 The well-known Chu—Vandermonde identity is given as follows:
T+a r T a
= . . 5.4
( k ) ;(J>(k—y) >4

(cf. [5, 10, 26]). Since some of the obtained combinatorial sums are analogues of (5.4), we call them Chu—

Vandermonde-type convolution formulas.

5.1. Some applications related to the Chu—Vandermonde-type convolution formulas

Here, we give some applications related to the obtained Chu-Vandermonde type convolution formulas and
provide some combinatorial sums.

Substituting k1 = k2 = n into (5.2), and since
<3n — 1) _ 2<3n)
n 3\n )’
we obtain the following corollary:
Corollary 5.8 Let n € Ng. Then we have

3n\ 3~ (n+i-1\(2n—j—1
n 72:0 J n—7j .

J

Substituting k1 = n+ 1 and ke = n into (5.2), we obtain the following corollary:
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Corollary 5.9 Let n € Ng. Then we have
3 - N\ (2n—j—1
G- (70 6
n) =\ n—j
Corollary 5.10 Let n € Ny. Then we have

n—1 . .
1 3n B 1 n+j3\[(2n—j7—-1
Cn_n—i—l(n) n—l—lZ( j >( n—j ) (5-6)

Jj=0

Proof By using (5.5), we have

<3n) <2n> B "i <n + j) <2n —j- 1>
n n = J n—j
Multiplying both sides of the above equation by n%rl and using (1.8) yields the desired results. O

In [26, Corollary 6.6], Simsek gave the following formula for the Catalan numbers:

2n
2n+1 nti (20 1
Cn= —1)" —.
n+1 Z( ) (j)j—i—l

Jj=n

Combining the above equation with (5.6), we arrive at a combinatorial sum, including binomial coefficients, by

the following theorem:

Theorem 5.11 Let n € Ny. Then we have

()-For R L)

Jj=n Jj=0

6. Probabilistic distributions arising from the Chu—Vandermonde-type formulas
In this section, we give some theoretical and applied details on probabilistic distributions arising from the
aforementioned Chu—Vandermonde type convolution formulas.

By using Theorem 5.3, we arrive at the following probability functions for negative hypergeometric-type

distribution with the parameters ki, ko, ..., k, and n with the random variables (vy,vs,...,v,):

flo, oo yonski 4+ +km+n—1nki, ... k)

(e (M (Y
- (k1+k2+~~~+km+n—1) : (6.1)

n

By Theorem 5.3, we see that

Z f(vl7"'7U7L;k1+"'+km+n_17n7k17"'7kn):1'

v1tv2+- o FUm—_1=n
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Substituting n = 2 into (6.1), (6.1) reduces to (6.2). That is, this gives us the following well-known

probability function for negative hypergeometric distribution:

(’U1 +k1 71) (k2+n:v1 71)
vl(k?1+k2+n’ril;l )

n

foiki+ke+n—1,nk)= (6.2)

where k1 + ko + n — 1 is the population size, n is the number of success states in the population, k; is the

number of failures, v; is the number of observed successes for 0 <wv; <n; 0 < k; <n (cf [9, 16]).
Moment-generating function for the probability function f (vi,...,vn;k1 + -+ kn +n—1Ln ki, ... ky)
is given by

M (t;ky, ... km,n) = > etvrtvattvm—1) £ (4 ik Ak A — Lns k. K

vitvet-tUvm_1=n
The j-th moment is the j-th derivative of M (¢;k1, ..., knmn,n) computed at ¢ = 0. That is

di
dti t=0 !

In the special case of the above equation when m = 2, we have

- nk1
Mmoo = kl n k27
H2 = )
(k1 + k2) (1 + k1 + k2)
(cf. 19, 16]).
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