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ABSTRACT
In this paper, with inspiration of the definition of Bernstein basis functions and their recurrence relation, we give construction
of a new word family that we refer Bernstein-based words. By classifying these special words as the first and second kinds, we
investigate their some fundamental properties involving periodicity and symmetricity. Providing schematic algorithms based on
tree diagrams, we also illustrate the construction of the Bernstein-based words. For their symbolic computation, we also give
computational implementations of Bernstein-based words in the Wolfram Language. By executing these implementations, we
present some tables of Bernstein-based words and their decimal equivalents. In addition, we present black–white and four-colored
patterns arising from the Bernstein-based words with their potential applications in computational science and engineering. We
also give some finite sums and generating functions for the lengths of the Bernstein-based words. We show that these functions
are of relationships with the Catalan numbers, the centered 𝑚-gonal numbers, the Laguerre polynomials, certain finite sums, and
hypergeometric functions. We also raise some open questions and provide some comments on our results. Finally, we investigate
relationships between the slopes of the Bernstein-based words and the Farey fractions.
MSC2020 Classification: 68R15, 05B05, 05A15, 11B37, 11B57

1 | Introduction, Definitions,
and Preliminaries

The field of combinatorics on words is a quite new field that has
been started to be studied in recent years by the researchers work-
ing on multifarious branches of mathematics such as number
theory, group theory, theoretical computer science dealing with
automata, and formal languages. Combinatorics on words con-
centrates on the study of formal languages, words, and strings
formed by letters or symbols. In this aspect, the field of com-
binatorics on words is in essence to differ from combinatorics.
The main idea behind the field of combinatorics on words is to
make an investigation on words in algebraic, combinatorial, or

----------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------

This is an open access article under the terms of the Creative Commons Attribution-NonCommercial-NoDerivs License, which permits use and distribution in any
medium, provided the original work is properly cited, the use is non-commercial and no modifications or adaptations are made.

© 2025 The Author(s). Mathematical Methods in the Applied Sciences published by John Wiley & Sons Ltd.

algorithmic way. With the emergence of the book of Lothaire [1],
providing a terminological and well-defined theory on combina-
torics on words, this field has started to develop and grow even
more. These developments encourage many researchers to define
new word classes and still find their interesting and useful appli-
cations. Based upon the consequence of these developments, the
source of our motivation in this paper is to construct new words,
called Bernstein-based words, and present some their fundamen-
tal properties.

We first start with reminding terminology of the combinatorics
on words, which are reminded by blending them from the books
of Lothaire [1–3], and Shallit [4].
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LetΣ be a nonempty set called alphabet, each element of which is
called a letter. A finite sequence of letters, in the following form:

𝑤 =
(
𝑎1, 𝑎2, … , 𝑎

𝑛

)
, ∀𝑎

𝑖
∈ Σ; 𝑖 = 1, 2, … , 𝑛,

is called a finite word of length 𝑛 over the alphabet Σ. If we use Σ∗
to denote the set of all words over the alphabet Σ, then 𝑤 ∈ Σ∗.

The concatenation, or so-called juxtaposition, is a binary opera-
tion on the set Σ∗ with the following mapping:

Σ∗ × Σ∗ ↦ Σ∗

concatenating two words as in the following way:

𝑤1𝑤2 =
(
𝑎1, 𝑎2, … , 𝑎

𝑛
, 𝑏1, 𝑏2, … , 𝑏

𝑚

)
. (1)

where 𝑤1 =
(
𝑎1, 𝑎2, … , 𝑎

𝑛

)
∈ Σ∗ and 𝑤2 =

(
𝑏1, 𝑏2, … , 𝑏

𝑚

)

∈ Σ∗.

It is clear that the concatenation is well-defined, closed, and an
associative binary operation which is not commutative. More-
over, the setΣ∗ has an identity element 𝜖 denoting the empty word
which is a neutral element for concatenation. Due to these fea-
tures, when it is equipped with the concatenation of two words,
Σ∗ forms an algebraic structure called free monoid over the alpha-
bet Σ. Therefore, a word in the form of

𝑤 =
(
𝑎1, 𝑎2, … , 𝑎

𝑛

)

can be expressed as follows:

𝑤 = 𝑎1𝑎2 · · · 𝑎𝑛 (2)

(cf . [1–5]).

In addition, recall that the 𝑛th power of a word 𝑤 is obtained by
concatenating itself side by side as follows:

𝑤
𝑛 =

⎧
⎪
⎨
⎪
⎩

𝑤𝑤 · · ·𝑤
⏟⏞⏟⏞⏟

𝑛−times

if 𝑛 ∈ ℕ,

𝜖 if 𝑛 = 0,

(cf . [4, p. 3]). For example, (011)2 = 011011.

We also recall the length of the word 𝑤 which is the number of
letters that forms the word 𝑤 and denoted by |𝑤|. Thus,

|𝑎1𝑎2 · · · 𝑎𝑛| = 𝑛

(see, for details, [1–3, 5]). For example, the word𝑤 = 011011 has
length 6. Thus, we have |011011| = 6.

As for the Bernstein basis functions, 𝐵𝑛
𝑘
(𝑥), these functions are

given by the following explicit formula involving the classical
binomial coefficient:

𝐵
𝑛

𝑘
(𝑥) =

(
𝑛

𝑘

)
𝑥
𝑘(1 − 𝑥)𝑛−𝑘,

(
𝑘 = 0, 1, … , 𝑛; 𝑛 ∈ ℕ0

)
,

(3)

which have relationships with a large number of concepts includ-
ing the Catalan numbers, the binomial distribution, the proof of

the Weierstrass approximation theorem, the Poisson distribution,
and computer-aided geometric design (CAGD) involving Bezier
curves and surfaces, splines, and so on. Moreover, these functions
have found a wide variety of applications to themselves in areas
of mathematics (especially in generating functions theory, proba-
bility theory, and approximation theory), engineering (especially
in automobile engineering, machine learning, human-computer
interaction systems and etc.), and almost all areas in recent years.
Furthermore, the Bernstein basis functions are also used in some
analytical methods such as the homotopy perturbation method
and the variational iteration method (e.g., see [6], and the ref-
erences cited therein). For other details regarding the Bernstein
basis functions, also see [7–13], and also the cited references
therein.

The recurrence relation for the Bernstein basis functions is given
by the following:

𝐵
𝑛

𝑘
(𝑥) = (1 − 𝑥)𝐵𝑛−1

𝑘
(𝑥) + 𝑥𝐵𝑛−1

𝑘−1(𝑥) (4)

such that 𝐵0
0(𝑥) = 1 and 𝐵𝑛

𝑘
(𝑥) = 0 for 𝑘 < 0 and 𝑘 > 𝑛 (cf . [9, 10,

13, 14]).

The Bernstein basis functions satisfy the following symmetry
identity (cf . [9, 10, 13, 14]):

𝐵
𝑛

𝑛−𝑘(1 − 𝑥) = 𝐵
𝑛

𝑘
(𝑥). (5)

As stated in Section 2, the reason why we named our words as
Bernstein-based words is that they are constructed by the inspira-
tion arising from the combinations of Equations (1–4).

Before presenting our main results in the next sections, we shall
briefly summarize other auxiliary concepts and their definitions
needed to obtain the findings of this paper as follows:

The Catalan numbers are defined by the following:

𝐶
𝑚
= 1
𝑚 + 1

(2𝑚
𝑚

)
; (𝑚 ∈ ℕ0) and 𝐶

𝑚
=

𝑚∏

𝑘=2

𝑚 + 𝑘
𝑘

; (𝑚 ≥ 3)

(6)
which is also given by the following ordinary generating function:

∞∑

𝑚=0
𝐶
𝑚
𝑡
𝑚 =

1 −
√

1 − 4𝑡
2𝑡

(7)

where 0 < |𝑡| ≤ 1
4

(cf . [15]).

The Catalan numbers arise in the solution of many kinds of com-
binatorial and real-world problems such as the Euler’s polygon
problem and polygon triangulations, ballot sequences, parenthe-
sizations, Dyck paths, Motzkin paths, binary trees, plane trees,
and various kinds of enumeration problems. For some other
applications in detail, see the book of Koshy [15].

The generalized hypergeometric series
𝑘
𝐹
𝑟

(
𝛼1, … , 𝛼

𝑘
;

𝛽1, … , 𝛽
𝑟
; 𝑧
)

is defined by

𝑘
𝐹
𝑟

(
𝛼1, … , 𝛼

𝑘
; 𝛽1, … , 𝛽

𝑟
; 𝑧
)
=

∞∑

𝑛=0

⎛
⎜
⎜
⎜
⎜
⎝

𝑘∏

𝑗=1

(
𝛼
𝑗

)
𝑛

𝑟∏

𝑗=1

(
𝛽
𝑗

)
𝑛

⎞
⎟
⎟
⎟
⎟
⎠

𝑧
𝑛

𝑛!
, (8)
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where the above series converges for all 𝑧 if 𝑘 < 𝑟 + 1 and for
|𝑧| < 1 if 𝑘 = 𝑟 + 1. Assuming that all parameters have general
values, real or complex, except for the 𝛽

𝑗
; (𝑗 = 1, 2, … , 𝑟), none of

which is equal to zero or a negative integer such that (𝛽)
𝑣

denotes
Pochhammer’s symbol, defined by

(𝛽)
𝑣
=

𝑣−1∏

𝑗=0
(𝛽 + 𝑗),

and (𝛽)0 = 1 for 𝛽 ≠ 1, 𝑣 ∈ ℕ, and 𝛽 ∈ ℂ (cf . [16, 17]).

Considering

(
𝜔

𝑚

)
=

𝑚−1∏

𝑗=0
(𝜔 − 𝑗)

𝑚!
and

(
𝜔

0

)
= 1,

the second author [16], introduced the sum 𝐵
𝑣
(𝜔; 𝜆, 𝑝), involving

higher powers of inverse binomial coefficients, by the following
formula:

𝐵
𝑣
(𝜔; 𝜆, 𝑝) =

∞∑

𝑚=0

𝑚
𝑣
𝜆
𝑚

(
𝜔

𝑚

)
𝑝
, (9)

whose generating function is given by the following hypergeo-
metric series:

𝑝+1𝐹𝑝(1, … , 1; −𝜔, … ,−𝜔; (−1)𝑝𝜆𝑒𝑧) =
∞∑

𝑣=0
𝐵
𝑣
(𝜔; 𝜆, 𝑝)𝑧

𝑣

𝑣!
(10)

where 𝑣, 𝑝∈ ℕ0, −𝜔 ∉ {0,−1,−2,−3, …} and 𝜆∈ ℝ (orℂ) with
|𝜆| < 1 (cf . [16]).

In [18], the second author also introduced the combinatorial
numbers 𝑦6(𝑛, 𝑘; 𝜆, 𝑝), involving higher powers of binomial coef-
ficients, by the following formula, for 𝑛, 𝑚, 𝑝 ∈ ℕ0:

𝑦6(𝑚, 𝑛; 𝜆, 𝑝) =
1
𝑛!

𝑛∑

𝑘=0

(
𝑛

𝑘

)
𝑝

𝑘
𝑚

𝜆
𝑘

, (11)

and constructed the following generating functions for these
numbers in terms of the hypergeometric series as follows:

1
𝑛! 𝑝
𝐹
𝑝−1(−𝑛, … ,−𝑛; 1, … , 1; (−1)𝑝𝜆𝑒𝑧) =

∞∑

𝑚=0
𝑦6(𝑚, 𝑛; 𝜆, 𝑝)

𝑧
𝑚

𝑚!
,

(12)
where 𝑛, 𝑝 ∈ ℕ and 𝜆 ∈ ℝ (or ℂ).

The numbers 𝑦6(𝑚, 𝑛; 𝜆, 𝑝) are referred to in the literature as the
combinatorial Simsek numbers of the sixth kind (for details, see
[11], and the references cited therein).

Now we briefly summarize our results in the next sections as
follows.

In Section 2, we introduce Bernstein-based words and investigate
their fundamental properties with examples and tables. We also
give schematic algorithms of these words.

In Section 3, we provide computational implementations for eval-
uating the Bernstein-based words in the Wolfram language.

In Section 4, we construct some finite sums and generating
functions for the lengths of the Bernstein-based words. We also
derive some relations and results pertaining to the length of the
Bernstein-based words.

In Section 5, we give relations between the slopes of the
Bernstein-based words and the Farey fractions.

In the final section, we conclude the paper by providing some
brief summary and observations on the results of this paper and
future plans.

2 | Bernstein-Based Words

In this section, inspired by the explicit formula (3) and the recur-
rence relation (4) of the Bernstein basis functions, we introduce
two kinds of Bernstein-based words over the alphabet Σ = {0, 1}.

2.1 | Bernstein Words of the First Kind

Here, by the following definition, inspired by the explicit formula
(3) of the Bernstein basis functions, we first define so-called Bern-
stein words of the first kind as in the following definition.

Definition 1. Let 𝑛, 𝑘 ∈ ℕ0. Let 𝑥 ∈ Σ = {0, 1}. By consider-
ing the product between letters or words as their concatenation,
the Bernstein words of the first kind𝑤

𝐵
(𝑥; 𝑛, 𝑘) over the alphabet

Σ = {0, 1} are defined by the following:

𝑤
𝐵
(𝑥; 𝑛, 𝑘) =

⎧
⎪
⎨
⎪
⎩

(0𝑘 ⋅ 1𝑛−𝑘)
(
𝑛

𝑘

)

if 𝑥 = 0,

(1𝑘 ⋅ 0𝑛−𝑘)
(
𝑛

𝑘

)

if 𝑥 = 1
(13)

with 𝑤
𝐵
(𝑥; 0, 0) = 𝜖 and 𝑤

𝐵
(𝑥; 𝑛, 𝑘) = 𝜖 when 𝑘 < 0 or 𝑘 > 𝑛.

To illustrate Definition 1, a few Bernstein words of the first kind
are exemplified as follows:

𝑤
𝐵
(0; 3, 0) = 111 = (1)3

𝑤
𝐵
(0; 3, 1) = 011011011 = (011)3

𝑤
𝐵
(0; 3, 2) = 001001001 = (001)3

𝑤
𝐵
(0; 3, 3) = 000 = (0)3

and
𝑤
𝐵
(1; 3, 0) = 000 = (0)3

𝑤
𝐵
(1; 3, 1) = 100100100 = (100)3

𝑤
𝐵
(1; 3, 2) = 110110110 = (110)3

𝑤
𝐵
(1; 3, 3) = 111 = (1)3

Next, by using (13), we provide some properties of the words
𝑤
𝐵
(𝑥; 𝑛, 𝑘) as follows.

Periodicity property: It is known that a periodic word can be
expressed as a positive power of a shorter word (cf .
[19, 20], and see also cited references therein). The
definition, given by (13), means that we first juxtapose
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𝑘-times 0’s (or 1’s) with (𝑛 − 𝑘)-times 1’s (or 0’s). Then,
the string obtained from the first process is brought
side by side

(
𝑛

𝑘

)
times to obtain the word 𝑤

𝐵
(𝑥; 𝑛, 𝑘).

Here,
(
𝑛

𝑘

)
times juxtaposition means that the words

𝑤
𝐵
(𝑥; 𝑛, 𝑘) can be expressed as a positive power of a

shorter word. That is, the words𝑤
𝐵
(𝑥; 𝑛, 𝑘) are all peri-

odic.

Symmetry property with respect to vertical reflection: Let
𝑎1, … , 𝑎

𝑛
be letters of an alphabet Σ. Then, recall

that the reversal (or so-called mirror image) of a word
𝑤 = 𝑎1𝑎2 … 𝑎

𝑛
is defined by the word

𝑤
𝑅 = 𝑎

𝑛
𝑎
𝑛−1 … 𝑎1

(cf . [4, p. 11], [3, p. 4]). By applying the above definition
to (13), it can be concluded that the words 𝑤

𝐵
(𝑥; 𝑛, 𝑘)

satisfy the following symmetry properties:

(
𝑤
𝐵
(0; 𝑛, 𝑛 − 𝑘)

)
𝑅 = 𝑤

𝐵
(1; 𝑛, 𝑘)

and
(
𝑤
𝐵
(1; 𝑛, 𝑛 − 𝑘)

)
𝑅 = 𝑤

𝐵
(0; 𝑛, 𝑘).

Remark 1. Observe that the above symmetry properties are
word analogs of (5).

These symmetry properties also mean that a concatenation of the
words

𝑤
𝐵
(0; 𝑛, 𝑛 − 𝑘) and 𝑤

𝐵
(1; 𝑛, 𝑘)

or
𝑤
𝐵
(1; 𝑛, 𝑛 − 𝑘) and 𝑤

𝐵
(0; 𝑛, 𝑘)

generates a palindrome word spelling that is the same backward
as forward. For some applications of palindrome words, see also
[21].

For instance, let us consider the following words, which are rever-
sal of each other as follows:

𝑤
𝐵
(0; 3, 2) = 001001001 and 𝑤

𝐵
(1; 3, 1) = 100100100.

The spelling or pronunciation of any of the above forwards is the
same as the spelling or pronunciation of the other backwards. The
concatenation of them is given as follows:

𝑤
𝐵
(0; 3, 2)𝑤

𝐵
(1; 3, 1) = 001001001100100100,

which is a member of palindrome words.

Remark 2. There are many other applications of (13). For
instance, Ruskey et al. [22] used word analogs associated with
(13) as factors of gray codes while investigating the binary bubble
languages and cool-lex order.

2.2 | Bernstein Words of the Second Kind

Here, inspired by the recurrence relation (4) of the Bernstein basis
functions, secondly we define Bernstein words of the second kind
as in the following definition.

Definition 2. Let 𝑛, 𝑘 ∈ ℕ0. Let 𝑥 ∈ Σ = {0, 1}. By consider-
ing the product between letters or words as their concatena-
tion, the Bernstein words of the second kind

𝐵
(𝑥; 𝑛, 𝑘) over the

alphabet Σ = {0, 1} are defined by the following recurrence rela-
tion:


𝐵
(𝑥; 𝑛, 𝑘) =

{
1 ⋅

𝐵
(𝑥; 𝑛 − 1, 𝑘) ⋅ 0 ⋅

𝐵
(𝑥; 𝑛 − 1, 𝑘 − 1) if 𝑥 = 0,

0 ⋅
𝐵
(𝑥; 𝑛 − 1, 𝑘) ⋅ 1 ⋅

𝐵
(𝑥; 𝑛 − 1, 𝑘 − 1) if 𝑥 = 1

(14)

with
𝐵
(𝑥; 0, 0) = 1 and

𝐵
(𝑥; 𝑛, 𝑘) = 0 when 𝑘 < 0 or 𝑘 > 𝑛.

To illustrate Definition 2, by substituting 𝑥 = 0, 𝑘 = 1, and 𝑛 = 1
into (14), we get


𝐵
(0; 1, 1) = 1 ⋅

𝐵
(0; 0, 1) ⋅ 0 ⋅

𝐵
(0; 0, 0) = 1001.

In the case when 𝑥 = 1, 𝑘 = 1, and 𝑛 = 1, Equation (14) implies


𝐵
(1; 1, 1) = 0 ⋅

𝐵
(1; 0, 1) ⋅ 1 ⋅

𝐵
(1; 0, 0) = 0011.

Next, by using (14), we provide some properties of the words

𝐵
(𝑥; 𝑛, 𝑘) as follows.

As can be seen from the two examples above, the Bernstein words
of the second kind are not periodic since they cannot be expressed
as a positive power of a shorter word.

Observe also that unlike the Bernstein words of the first kind, the
Bernstein words of the second kind do not satisfy the symmetry
property with respect to vertical reflection. However, in this study,
we may raise the following open question:

Open Question 1: When we consider the set of all Bernstein words
of the second kind, which subclasses of this set can be symmetric
with respect to vertical reflection or periodic, or none?

2.3 | Tree Diagram for Construction of the
Bernstein Words of the Second Kind

To illustrate the construction of the Bernstein words of the second
kind in a schematic way, in Figure 1, we give a tree diagram which
shows the construction of the words

𝐵
(0; 𝑛, 𝑘).

In Figure 1, blue directed edges (left) of the tree correspond to the
concatenation by 1 from left (namely, juxtapose with the prefix 1)
and red directed edges (right) of the tree correspond to the con-
catenation by 0 from left (namely, juxtapose with the prefix 0). Let
the letter 1 be the root of the tree. In order to generate words in
any next level of the trees, we concatenate two new words derived
from the rule on the directed edges out of the previous nodes con-
necting to the corresponding node.

To show the construction of the words 
𝐵
(1; 𝑛, 𝑘), we also give

another tree diagram by Figure 2.

Mathematical Methods in the Applied Sciences, 202512822
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FIGURE 1 | Tree diagram which shows the construction of the Bernstein words 
𝐵
(0; 𝑛, 𝑘) of the second kind. [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 2 | Tree diagram which shows the construction of the Bernstein words 
𝐵
(1; 𝑛, 𝑘) of the second kind. [Colour figure can be viewed at

wileyonlinelibrary.com]

FIGURE 3 | Lengths of the Bernstein words of the second kind,
appeared in the given tree diagrams by Figure 1 and Figure 2, with the
same geometric pattern.

In Figure 2, red directed edges (left) of the tree correspond to the
concatenation by 0 from left (namely, juxtapose with the prefix 0)
and blue directed edges (right) of the tree correspond to the con-
catenation by 1 from left (namely, juxtapose with the prefix 1).
Similarly, let the letter 1 be the root of the tree. To generate words
in any next level of the trees, we concatenate two new words

derived from the rule on the directed edges out of the previous
nodes connecting to the corresponding node.

Remark 3. The tree diagrams, given in Figures 1 and 2, are pro-
vided to be help the researchers make some constructions and
algorithmic applications in fields of graph theory, automata the-
ory, and cryptology.

In Figure 3, we give the lengths of the Bernstein words of the sec-
ond kind, appeared in the given tree diagrams in Figures 1 and 2,
with the same geometric pattern. Note that the sequences arising
from these lengths will be discussed later in Section 4.

3 | Computational Implementations
of Bernstein-Based Words

In this section, we provide a procedure BernsteinWord-
sKind1 (see: Implementation 1) by implementing (13), and also,
we provide another procedure BernsteinWordsKind2 (see:
Implementation 2) by implementing the recurrence relation (14)
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in the Wolfram Language. By executing the procedures Bern-
steinWordsKind1 andBernsteinWordsKind2 in the Wol-
fram Mathematica version 12.0 and using the command Table-
Form, we present tables of the Bernstein words of the first kind
𝑤
𝐵
(𝑥; 𝑛, 𝑘) and Bernstein words of the second kind 

𝐵
(𝑥; 𝑛, 𝑘)

obtained just for a few special cases (among others).

3.1 | Computational Implementations for the
Bernstein Words of the First Kind

Here, we provide computational implementations for the Bern-
stein words of the first kind in the Wolfram language.

By using Implementation 1 and the auxiliary commands of
Wolfram language, we provide the following code written in
Wolfram language:

which returns Table 1, whose entries are the Bernstein words
of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘), in the case when 𝑥 = 0, 𝑛 ∈

{0, 1, 2, 3, 4, 5} and 𝑘 ∈ {0, 1, 2}.

In addition, by the following code written in Wolfram language,

we get Table 2, whose entries are the Bernstein words of the first
kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘), in the case when 𝑥 = 1, 𝑛 ∈ {0, 1, 2, 3, 4, 5} and

𝑘 ∈ {0, 1, 2}.

Note that the entries 𝜖 of Tables 1 and 2 denote the empty word.

3.2 | Computational Implementations for the
Bernstein Words of the Second Kind

Here, we provide computational implementations for the Bern-
stein words of the second kind in the Wolfram language.

By using Implementation 2 and the auxiliary commands of Wol-
fram language, we also provide the following code written in Wol-
fram language:

which returns Table 3, whose entries are the Bernstein words
of the second kind 

𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 0, 𝑛 ∈

{0, 1, 2, 3, 4} and 𝑘 ∈ {0, 1, 2}.

In addition, by the following code written in Wolfram language,

we get Table 4, whose entries are the Bernstein words of the sec-
ond kind 

𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 1, 𝑛 ∈ {0, 1, 2, 3, 4}

and 𝑘 ∈ {0, 1, 2}.

In Table 5, we present decimal equivalent of the Bernstein
words of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) for the cases when 𝑥 = 0, 𝑛 ∈

{0, 1, … , 15} and 𝑘 = 1.

In Table 6, we present decimal equivalent of the Bernstein
words of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) for the cases when 𝑥 = 1, 𝑛 ∈

{0, 1, … , 15} and 𝑘 = 1.

In Table 7, we present decimal equivalent of the Bernstein words
of the second kind 

𝐵
(𝑥; 𝑛, 𝑘) for the cases when 𝑥 = 0, 𝑛 ∈

{0, 1, … , 15} and 𝑘 = 1.

In Table 8, we present decimal equivalent of the Bernstein words
of the second kind 

𝐵
(𝑥; 𝑛, 𝑘) for the cases when 𝑥 = 1, 𝑛 ∈

{0, 1, … , 15} and 𝑘 = 1.

3.3 | Patterns Arising From
the Bernstein-Based Words

Here, by representing each successive letter of the
Bernstein-based words as a square block with 1s colored
black and 0s colored white, then by placing the correspond-
ing square blocks side-by-side to be a row of colored squares,
we present some patterns of the Bernstein-based words (see
Figure 4).

Mathematical Methods in the Applied Sciences, 202512824
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TABLE 1 | The Bernstein words of the first kind 𝑤
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 0, 𝑛 ∈ {0, 1, 2, 3, 4, 5} and 𝑘 ∈ {0, 1, 2}.

TABLE 2 | The Bernstein words of the first kind 𝑤
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 1, 𝑛 ∈ {0, 1, 2, 3, 4, 5} and 𝑘 ∈ {0, 1, 2}.

TABLE 3 | The Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 0, 𝑛 ∈ {0, 1, 2, 3, 4} and 𝑘 ∈ {0, 1, 2}.

FIGURE 4 | The row of square blocks corresponding to the Bernstein
word of the second kind

𝐵
(1; 3, 2) = 0001001110001110110.

By stacking up the row of square block representation of the first
few Bernstein-based words, we obtain some patterns which are
given in Figures 5–8.

Remark 4. It is well-known that the logical complement ¬𝑤
(namely, so-called ones’ complement or the Boolean complement
in Boolean algebra) of a binary word 𝑤 is obtained by changing
each 0 in 𝑤 to 1 and vice versa. Observe that Figures 5 and 6 are
logical complement of each other since we draw them by repre-
senting zeros in the words with the white square blocks and ones
in the words with the black square blocks.

Remark 5. Observe that Figures 7 and 8 are not logical com-
plement of each other as opposed to the figures arising from the
Bernstein words of the first kind.

Moreover, after associating 4-ary representations of the
Bernstein-based words by the following morphism map-
ping letters 0, 1, 2, and 3, respectively, to red, green, blue, and
yellow colored square blocks:

0 ↦ Red colored square block,

1 ↦ Green colored square block,

2 ↦ Blue colored square block,

3 ↦ Yellow colored square block,

we get a row of square blocks for the first few Bernstein-based
words and then by stacking up these rows, we also obtain some
patterns which are given in Figures 9–12.

Remark 6. The DNA (deoxyribonucleic acid) is a nucleic acid
that contains the genetic instructions and information used in
the development and functioning of all known living organisms.
The DNA is a strand composed of four nucleotides or bases called
adenine, cytosine, guanine and thymine, abbreviated by A, C, G
and T, respectively (cf . [23]). In this context, we now consider
4-ary representations as well as their patterns of the obtained
binary words to give an idea of combinatorial modeling on DNA
sequencing. DNA sequences to be produced by this modeling may
find application in not only DNA sequencing but also pharma-
ceutical technologies, biotechnology, microbiology, and so on. In
fact, some of the DNA sequences to be detected here may cor-
respond to the DNA sequence of a living species that exists in
the literature or has not yet been discovered. This model is only
suggested as an idea, and the species with which the model will
overlap have not been investigated within the scope of this study.
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TABLE 4 | The Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 1, 𝑛 ∈ {0, 1, 2, 3, 4} and 𝑘 ∈ {0, 1, 2}.

TABLE 5 | Numbers obtained by converting the Bernstein words of the first kind 𝑤
𝐵
(𝑥; 𝑛, 𝑘) to decimal in the cases when 𝑥 = 0, 𝑛 ∈ {0, 1, ..., 15}

and 𝑘 = 1.

TABLE 6 | Numbers obtained by converting the Bernstein words of the first kind 𝑤
𝐵
(𝑥; 𝑛, 𝑘) to decimal in the cases when 𝑥 = 1, 𝑛 ∈ {0, 1, ..., 15}

and 𝑘 = 1.

It is time to give the modeling idea mentioned above: Associate
4-ary representations of the Bernstein-based words by the follow-
ing morphism mapping letters 0, 1, 2, and 3, respectively, to A, C,
G and T:

0 ↦ A, 1 ↦ C, 2 ↦ G, 3 ↦ T;

it is also possible to determine of which cell gives the
nucleotide base (nucleobase) sequence in the DNA molecule
and which biological information this sequence encodes, this
type of studies also reveals an area of potential application of

the Bernstein-based words. For nucleotide base (nucleobase)
sequences corresponding to the Bernstein-based words, see
Tables 9–12.

We also note that the above observation makes an allusion to
DNA but transforming a sequence of numbers into a sequence
of ACGT makes sense only if one obtains existing significant
sequences in biology. In this context, in this paper, we may also
raise the following open question.

Mathematical Methods in the Applied Sciences, 202512826
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TABLE 7 | Numbers obtained by converting the Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) to decimal in the cases when 𝑥 = 0, 𝑛 ∈ {0, 1, ..., 15}

and 𝑘 = 1.

TABLE 8 | Numbers obtained by converting the Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) to decimal in the cases when 𝑥 = 1, 𝑛 ∈ {0, 1, ..., 15}

and 𝑘 = 1.

FIGURE 5 | Pattern obtained by the Bernstein words of the first kind 𝑤
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 0, 𝑛 ∈ {1, 2, … , 8} and 𝑘 = 1.

Open Question 2: Is there any significant sequence in biology
which matches the nucleotide base (nucleobase) sequence corre-
sponding to the Bernstein-based words? Moreover, what kind of
applications of a DNA sequence produced with the nucleotide base
(nucleobase) sequence corresponding to the Bernstein-based words
might have in pharmaceutical technologies or biotechnology?

4 | Relations Arising From Finite Sums
and Generating Functions for the Lengths of the
Bernstein-Based Words

In this section, we give some finite sums and generating functions
for the lengths of the Bernstein-based words. Moreover, we give

some relations and results derived from the length of the Bern-
stein words of the first and second kinds.

4.1 | Generating Functions for the Lengths
of the Bernstein Words of the First Kind

Here, we give some formulas, finite sums, and generating func-
tions for the lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)| of the Bernstein words of the

first kind.

The definition, given by (13), means that we first juxtapose
𝑘-times 0’s or 1’s with (𝑛 − 𝑘)-times 0’s or 1’s. Then, the words
obtained from the first process is brought side by side

(
𝑛

𝑘

)
times
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FIGURE 6 | Pattern obtained by the Bernstein words of the first kind 𝑤
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 1, 𝑛 ∈ {1, 2, … , 8} and 𝑘 = 1.

FIGURE 7 | Pattern obtained by the Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 0, 𝑛 ∈ {0, 1, … , 8} and 𝑘 = 1.

FIGURE 8 | Pattern obtained by the Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 1, 𝑛 ∈ {0, 1, … , 8} and 𝑘 = 1.

FIGURE 9 | Pattern obtained by 4-ary representations of the
Bernstein words of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) in the case when

𝑥 = 0, 𝑛 ∈ {1, … , 8} and 𝑘 = 1. [Colour figure can be viewed at
wileyonlinelibrary.com]

FIGURE 10 | Pattern obtained by 4-ary representations of the
Bernstein words of the second kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) in the case when

𝑥 = 1, 𝑛 ∈ {1, … , 8} and 𝑘 = 1. [Colour figure can be viewed at
wileyonlinelibrary.com]

to obtain the word 𝑤
𝐵
(𝑥; 𝑛, 𝑘). Therefore, the length of the word

𝑤
𝐵
(𝑥; 𝑛, 𝑘) is equal to the product of (𝑘 + 𝑛 − 𝑘) and

(
𝑛

𝑘

)
which

yields the assertion of the following theorem:

Theorem 1. Let 𝑥 ∈ Σ = {0, 1} and 𝑛, 𝑘 ∈ ℕ0 . Then, the
length of the Bernstein words of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) is given

by
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| = 𝑛

(
𝑛

𝑘

)
. (15)

Using (15), we get Tables 13 and 14 involving the lengths of
the Bernstein words of the first kind; 𝑤

𝐵
(𝑥; 𝑛, 𝑘) are provided

as tables for the cases of 𝑥 ∈ Σ = {0, 1}, 𝑛 ∈ {0, 1, 2, … , 15} and
𝑘 ∈ {0, 1, 2, … , 10}.

TABLE 9 | The nucleotide base (nucleobase) sequence correspond-
ing to the Bernstein words of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) in the case when

𝑥 = 0, 𝑛 ∈ {0, 1, ..., 8} and 𝑘 = 1.

TABLE 10 | The nucleotide base (nucleobase) sequence correspond-
ing to the Bernstein words of the first kind 𝑤

𝐵
(𝑥; 𝑛, 𝑘) in the case when

𝑥 = 1, 𝑛 ∈ {0, 1, ..., 8} and 𝑘 = 1.

In Table 14, the second and third columns, respectively, show the
first terms of the sequences

{
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)|

}∞
𝑛=𝑘 for 𝑘 ∈ {0, … , 5}

and the symbolic notations of the corresponding sequences. As
for the last column, it provides the IDs of the corresponding

Mathematical Methods in the Applied Sciences, 202512828
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FIGURE 11 | Pattern obtained by 4-ary representations of the Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 0, 𝑛 ∈ {1, … , 8}

and 𝑘 = 1. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 12 | Pattern obtained by 4-ary representations of the Bernstein words of the second kind
𝐵
(𝑥; 𝑛, 𝑘) in the case when 𝑥 = 1, 𝑛 ∈ {1, … , 8}

and 𝑘 = 1. [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 11 | The nucleotide base (nucleobase) sequence corresponding to the Bernstein words of the second kind 
𝐵
(𝑥; 𝑛, 𝑘) in the case when

𝑥 = 0, 𝑛 ∈ {0, 1, ..., 8} and 𝑘 = 1.

sequences in Sloane’s On-Line Encyclopedia of Integer
Sequences(OEIS).

Some other applications of (15) are given as follows.

xSubstituting 𝑛 = 2𝑚 and 𝑘 = 𝑚 into (15), we get

|𝑤
𝐵
(𝑥; 2𝑚,𝑚)| = 2𝑚

(2𝑚
𝑚

)
. (16)

Combining (6) with (16) gives a relation, between the length of
the words 𝑤

𝐵
(𝑥; 2𝑚,𝑚) and the Catalan numbers 𝐶

𝑚
, given the

following theorem.

Theorem 2. Let 𝑥 ∈ Σ = {0, 1} and 𝑚 ∈ ℕ0. Then, we have

|𝑤
𝐵
(𝑥; 2𝑚,𝑚)| = 2𝑚(𝑚 + 1)𝐶

𝑚
(17)

or equivalently, 𝑚 ≥ 3 for 𝑚 ≥ 2

|𝑤
𝐵
(𝑥; 2𝑚,𝑚)| = 2𝑚(𝑚 + 1)

𝑚∏

𝑘=2

𝑚 + 𝑘
𝑘

. (18)

The combination of (17) with (7) also yields the following
corollary.

Corollary 1. Let 𝑥 ∈ Σ = {0, 1}and 0 < |𝑡| ≤ 1
4

. Then we have

∞∑

𝑚=1

|𝑤
𝐵
(𝑥; 2𝑚,𝑚)|
𝑚(𝑚 + 1)

𝑡
𝑚 = 4

1 +
√

1 − 4𝑡
. (19)

Summing Equation (15) over all 0 ≤ 𝑘 ≤ 𝑛, we get

𝑛∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| =

𝑛∑

𝑘=0
𝑛

(
𝑛

𝑘

)
(20)

by which and by the well-known formula of the sum of the bino-
mial coefficients, we have the following:

𝑛∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| = 2

𝑛∑

𝑗=0
𝑗

(
𝑛

𝑗

)
. (21)

Combining the above equation with Equation (1) of [18, p. 1329],
we deduce to the following corollary.

Corollary 2. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then, we have

𝑛∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| = 𝑛2𝑛. (22)
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TABLE 12 | The nucleotide base (nucleobase) sequence corresponding to the Bernstein words of the second kind 
𝐵
(𝑥; 𝑛, 𝑘) in the case when

𝑥 = 1, 𝑛 ∈ {0, 1, ..., 8} and 𝑘 = 1.

TABLE 13 | For 𝑥 ∈ Σ = {0, 1}, 𝑛 ∈ {0, 1, 2, ..., 15} and 𝑘 ∈ {0, 1, 2, ..., 10}, the lengths of the words 𝑤
𝐵
(𝑥; 𝑛, 𝑘), that is, |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|.

TABLE 14 | Table of the lengths of the words 𝑤
𝐵
(𝑥; 𝑛, 𝑘), i.e. |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|.

𝒌
{
|𝒘

𝑩
(𝒙;𝒏, 𝒌)|

}∞
𝒏=𝒌 Corresponding sequence Also, see OEIS

𝑘 = 0 {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, … } {𝑛}∞
𝑛=0 A001477

𝑘 = 1 {1, 4, 9, 16, 25, 36, 49, 64, 81, 100, … }
{
𝑛

2}∞
𝑛=1 A000290

𝑘 = 2 {2, 9, 24, 50, 90, 147, 224, 324, 450, … }
{
(𝑛−1)𝑛2

2

}∞

𝑛=2
A006002

𝑘 = 3 {3, 16, 50, 120, 245, 448, 756, 1200, … }
{
(𝑛−2)(𝑛−1)𝑛2

6

}∞

𝑛=3
A004320

𝑘 = 4 {4, 25, 90, 245, 560, 1134, 2100, … }
{
𝑛

(
𝑛

4

)}∞

𝑛=4
A027764

𝑘 = 5 {5, 36, 147, 448, 1134, 2520, 5082, … }
{
𝑛

(
𝑛

5

)}∞

𝑛=5
A027765

Combining (22) and (11), we obtain a relation, between the num-
bers 𝑦6(𝑚, 𝑛; 𝜆, 𝑝) and the finite sums of the lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|,

as in the following corollary:

Corollary 3. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then, we have
𝑛∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| = 𝑛𝑛!𝑦6(0, 𝑛; 1, 1). (23)

Using (15), we get the ordinary generating functions for the
lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|, given in the following theorem.

Theorem 3. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then we have

∞∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)|𝑡𝑘 = (1 + 𝑡) 𝑑

𝑑𝑡

{(1 + 𝑡)𝑛}. (24)

By combining (15) with the following well-known formula of the
Laguerre polynomials 𝐿

𝑛
(𝑡):

𝐿
𝑛
(𝑡) =

𝑛∑

𝑘=0
(−1)𝑘

(
𝑛

𝑘

)
𝑡
𝑘

𝑘!
,

and after some elementary calculations, we get the exponential
generating function for the lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|, given the follow-

ing theorem.

Theorem 4. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then, we have

𝑛𝐿
𝑛
(−𝑡) =

∞∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| 𝑡

𝑘

𝑘!
(25)

Remark 7. By combining (8) with (25), we also write the expo-
nential generating function for the lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)| in terms

of the hypergeometric series as follows:

Mathematical Methods in the Applied Sciences, 202512830
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1𝐹1(−𝑛; 1; −𝑡) =
1
𝑛

∞∑

𝑘=0
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)| 𝑡

𝑘

𝑘!
.

Summing the reciprocals of Equation (15) over all 0 ≤ 𝑘 ≤ 𝑛,
we get

𝑛∑

𝑘=0

1
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)|

=
𝑛∑

𝑘=0

1

𝑛

(
𝑛

𝑘

) . (26)

Since the following well-known equality holds true (cf . [7]; and
see also the references cited therein)

𝑛∑

𝑘=0

1
(
𝑛

𝑘

) = 𝑛 + 1
2𝑛+1

𝑛+1∑

𝑘=0

2𝑘

𝑘

. (27)

combining (26) with the above equation, we arrive at the follow-
ing theorem.

Theorem 5. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then, we have

𝑛∑

𝑘=0

1
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)|

= 𝑛 + 1
𝑛2𝑛+1

𝑛+1∑

𝑘=0

2𝑘

𝑘

. (28)

By combining (8) and (10) with (15), we get the following
theorem, which gives the ordinary generating functions for the
reciprocal of the lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|:

Theorem 6. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then we have

2𝐹1(1, 1; −𝑛; −𝑡)
𝑛

=
∞∑

𝑘=0

𝑡
𝑘

|𝑤
𝐵
(𝑥; 𝑛, 𝑘)|

. (29)

By combining (8) and (10) with (15), we get the following
theorem, which gives the exponential generating functions for
the reciprocal of the lengths |𝑤

𝐵
(𝑥; 𝑛, 𝑘)|:

Theorem 7. Let 𝑥 ∈ Σ = {0, 1} and 𝑛 ∈ ℕ0. Then we have

1𝐹1(1; −𝑛; −𝑡)
𝑛

=
∞∑

𝑘=0

1
|𝑤

𝐵
(𝑥; 𝑛, 𝑘)|

𝑡
𝑘

𝑘!
. (30)

Remark 8. By using linear differential equations, the gener-
ating function Equations (29) and (30) may be represented by
another special functions.

4.2 | Generating Functions for the Lengths
of the Bernstein Words of the Second Kind

Here, we provide some tables involving the lengths of the Bern-
stein words of the second kind. We also give some observa-
tions and open questions regarding generating functions for these
lengths.

By Tables 15 and 16, the lengths of the Bernstein words of the
second kind

𝐵
(𝑥; 𝑛, 𝑘) are provided as tables for the cases of 𝑥 ∈

Σ = {0, 1}, 𝑛 ∈ {0, 1, 2, … , 15} and 𝑘 ∈ {0, 1, 2, … , 10}.

FIGURE 13 | The geometric origin of the centered triangular num-
bers (cf. [24, p. 48]).

By comparing Table 15 with the trees in Figures 1 and 2, we come
up with some novel sequences of words with their lengths derived
from the tree diagrams. Some of these were given in the rows of
Table 16. For example, the sequence in the first row of Table 16 is
obtained from the lengths of the words encountered on the nodes
while traveling the first left branches of the trees in Figures 1
and 2.

In Table 16, the second and third columns, respectively, show the
first terms of the sequences

{
|

𝐵
(𝑥; 𝑛, 𝑘)|

}∞
𝑛=𝑘 for 𝑘 ∈ {0, … , 5}

and the symbolic notations of the corresponding sequences (if
exist). As for the last column, it provides the IDs (if exist) of
the corresponding sequences in Sloane’s On-Line Encyclopedia of
Integer Sequences(OEIS).

Remark 9. Observe from the second column of Table 15 that
the length of the words

𝐵
(𝑥; 𝑛, 1) gives the following sequence,

for 𝑛 ∈ ℕ0:

{1, 4, 10, 19, 31, 46, 64, 85, 109, 136, 166,

199, 235, 274, 316, 361, … },

which is overlapping with the (𝑛 + 1)-th centered 3-gonal num-
bers or so-called centered triangular numbers that originate from a
centered polygonal number consisting of a central dot with three
dots around it and then additional dots in the gaps between adja-
cent dots; see Figure 13 (cf . [24, 25, OEIS: A005448]).

The 𝑛-th centered𝑚-gonal number𝐶𝑆
𝑚
(𝑛) is given by the follow-

ing explicit formulas:

𝐶𝑆
𝑚
(𝑛) = 1 + 𝑚

(
𝑛

2

)

= 𝑚𝑛
2 − 𝑚𝑛 + 2

2

(31)

which have the following generating function:

𝑡

(
1 + (𝑚 − 2)𝑡 + 𝑡2

)

(1 − 𝑡)3
=

∞∑

𝑛=1
𝐶𝑆

𝑚
(𝑛)𝑡𝑛,

where |𝑡| < 1 (cf . [24, p. 51]; see also [25, sequence A005448 in
the OEIS]).

Thus, from Remark 9, we deduce that we have the following rela-
tion, for 𝑛 ∈ ℕ0:

𝐶𝑆3(𝑛 + 1) = |
𝐵
(𝑥; 𝑛, 1)|, (32)
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TABLE 15 | For 𝑥 ∈ Σ = {0, 1}, 𝑛 ∈ {0, 1, 2, ..., 15} and 𝑘 ∈ {0, 1, 2, ..., 10}, the lengths of the words
𝐵
(𝑥; 𝑛, 𝑘), that is, |

𝐵
(𝑥; 𝑛, 𝑘)|.

TABLE 16 | Table of the lengths of the words
𝐵
(𝑥; 𝑛, 𝑘), i.e. |

𝐵
(𝑥; 𝑛, 𝑘)|.

𝒌
{
|

𝑩
(𝒙;𝒏, 𝒌)|

}∞
𝒏=𝒌 Corresponding sequence Also, see OEIS

𝑘 = 0 {1, 4, 7, 10, 13, 16, 19, 22, 25, 28, 31, … } {3𝑛 + 1}∞
𝑛=0 A016777

𝑘 = 1 {4, 10, 19, 31, 46, 64, 85, 109, 136, 166, … }
{

3𝑛(𝑛−1)
2

+ 1
}∞

𝑛=0
A005448

𝑘 = 2 {7, 19, 40, 73, 121, 187, 274, 385, 523, … } New Sequence Does Not Exist

𝑘 = 3 {10, 31, 73, 148, 271, 460, 736, 1123, … } New Sequence Does Not Exist

𝑘 = 4 {13, 46, 121, 271, 544, 1006, 1744, … } New Sequence Does Not Exist

𝑘 = 5 {16, 64, 187, 460, 1006, 2014, 3760, … } New Sequence Does Not Exist

and we thus conclude that the generating function for
|

𝐵
(𝑥; 𝑛, 1)| is given by the following:

𝑡
2 + 𝑡 + 1
(1 − 𝑡)3

=
∞∑

𝑛=0
|

𝐵
(𝑥; 𝑛, 1)|𝑡𝑛; |𝑡| < 1 (33)

which is also related to the sequence A005448 in the OEIS [25],
and [24, p. 51].

At this stage, the following questions come to mind for the case
𝑘 ≠ 1: Namely, we have the following open questions:

Open Question 3: What is the explicit formula for the lengths
|

𝐵
(𝑥; 𝑛, 𝑘)|?

Open Question 4: How can we construct ordinary or exponential
function for the lengths |

𝐵
(𝑥; 𝑛, 𝑘)|?. That is, are there explicit for-

mulas for the following generating functions, respectively:

1(𝑡; 𝑘) =
∞∑

𝑛=0
|

𝐵
(𝑥; 𝑛, 𝑘)|𝑡𝑛 =?, (34)

2(𝑡; 𝑛) =
∞∑

𝑘=0
|

𝐵
(𝑥; 𝑛, 𝑘)|𝑡𝑘 =?, (35)

3(𝑡; 𝑘) =
∞∑

𝑛=0
|

𝐵
(𝑥; 𝑛, 𝑘)| 𝑡

𝑛

𝑛!
=?, (36)

and

4(𝑡; 𝑛) =
∞∑

𝑘=0
|

𝐵
(𝑥; 𝑛, 𝑘)| 𝑡

𝑘

𝑘!
=? (37)

by keeping in mind that the lengths |
𝐵
(𝑥; 𝑛, 𝑘)| are the same for

both selections of 𝑥 = 0 and 𝑥 = 1 with the fixed values of 𝑛 and 𝑘.

Open Question 5: The above question also brings to mind
another question whether the formal power series 

𝑗
(𝑡; 𝑘); (𝑗 =

1, 3) and 𝒢
𝑗
(𝑡; 𝑛); (𝑗 = 2, 4) are DD-finite, D𝑛-finite, D-algebraic,

D∞-finite, or not. For a sample study that addresses these con-
cepts, see [26].

5 | Slopes of the Bernstein-Based Words
and Their Relations With Farey Fractions

In this section, we give relations between slopes of the
Bernstein-based words and the Farey fractions.

It is known from the book of Lothaire [2] that the slope of a
nonempty 𝑤 is defined by

slope(𝑤) =
height(𝑤)

|𝑤|
(38)

where height(𝑤) denotes the height of the word 𝑤 which corre-
sponds to the number of letters equal to 1 in the word 𝑤 (cf . [2,
pp. 42-45]; see also [27]).

Mathematical Methods in the Applied Sciences, 202512832
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FIGURE 14 | Slope diagram the word 𝑤
𝐵
(1; 3, 2) = 110110110.

For instance, the height of the word𝑤
𝐵
(1; 3, 2) = 110110110 is 6,

and the length of the word𝑤
𝐵
(1; 3, 2) is 9. Therefore, the slope of

the word 𝑤
𝐵
(1; 3, 2) is 6

9
, namely 1

3
.

The word𝑤
𝐵
(1; 3, 2) = 110110110 can be drawn on a grid by rep-

resenting a 0 (resp. a 1) as horizontal (resp. a diagonal) unit seg-
ment. This gives a polygonal line from the origin to the point
(|𝑤|, slope(𝑤)), and the line from the origin to this point has the
slope slope(𝑤); see Figure 14.

In order to present some relations between the slopes of the
Bernstein-based words and the Farey fractions, we briefly recall
the definition of the set of consecutive Farey fractions of order 𝑛,
denoted by 𝐹

𝑛
, as follows.

𝐹
𝑛

is a set of reduced fractions in the closed interval [0, 1] with
denominators ≤ 𝑛.

The first 10 sets of consecutive Farey fractions are given as fol-
lows:

𝐹1 ∶
{0

1
,

1
1

}

𝐹2 ∶
{0

1
,

1
2
,

1
1

}

𝐹3 ∶
{0

1
,

1
3
,

1
2
,

2
3
,

1
1

}

𝐹4 ∶
{0

1
,

1
4
,

1
3
,

1
2
,

2
3
,

3
4
,

1
1

}

𝐹5 ∶
{0

1
,

1
5
,

1
4
,

1
3
,

2
5
,

1
2
,

3
5
,

2
3
,

3
4
,

4
5
,

1
1

}

𝐹6 ∶
{0

1
,

1
6
,

1
5
,

1
4
,

1
3
,

2
5
,

1
2
,

3
5
,

2
3
,

3
4
,

4
5
,

5
6
,

1
1

}

𝐹7 ∶
{0

1
,

1
7
,

1
6
,

1
5
,

1
4
,

2
7
,

1
3
,

2
5
,

3
7
,

1
2
,

4
7
,

3
5
,

2
3
,

5
7
,

3
4
,

4
5
,

5
6
,

6
7
,

1
1

}

𝐹8 ∶
{0

1
,

1
8
,

1
7
,

1
6
,

1
5
,

1
4
,

2
7
,

1
3
,

3
8
,

2
5
,

3
7
,

1
2
,

4
7
,

3
5
,

5
8
,

2
3
,

5
7
,

3
4
,

4
5
,

5
6
,

6
7
,

7
8
,

1
1

}

𝐹9 ∶
{0

1
,

1
9
,

1
8
,

1
7
,

1
6
,

1
5
,

2
9
,

1
4
,

2
7
,

1
3
,

3
8
,

2
5
,

3
7
,

4
9
,

1
2
,

5
9
,

4
7
,

3
5
,

5
8
,

2
3
,

5
7
,

3
4
,

7
9
,

4
5
,

5
6
,

6
7
,

7
8
,

8
9
,

1
1

}

𝐹10 ∶
{0

1
,

1
10
,

1
9
,

1
8
,

1
7
,

1
6
,

1
5
,

2
9
,

1
4
,

2
7
,

3
10
,

1
3
,

3
8
,

2
5
,

3
7
,

4
9
,

1
2
,

5
9
,

4
7
,

3
5
,

5
8
,

2
3
,

7
10
,

5
7
,

3
4
,

7
9
,

4
5
,

5
6
,

6
7
,

7
8
,

8
9
,

9
10
,

1
1

}

and so on.

TABLE 17 | Table of the slope of the words 𝑤
𝐵
(0; 𝑛, 𝑘), that is,

slope
(
𝑤
𝐵
(0; 𝑛, 𝑘)

)
, for the cases when 𝑘 ∈ {2, 3, 4, 5}.

𝒌
{

slope
(
𝒘
𝑩
(0;𝒏, 𝒌)

)}∞
𝒏=𝒌

𝑘 = 2
{

0
1
,

1
3
,

1
2
,

3
5
,

2
3
,

5
7
,

3
4
,

7
9
,

4
5
,

9
11
,

5
6
,

11
13
,

6
7
,

13
15
, …

}

𝑘 = 3
{

0
1
,

1
4
,

2
5
,

1
2
,

4
7
,

5
8
,

2
3
,

7
10
,

8
11
,

3
4
,

10
13
,

11
14
,

4
5
,

13
16
, …

}

𝑘 = 4
{

0
1
,

1
5
,

1
3
,

3
7
,

1
2
,

5
9
,

3
5
,

7
11
,

2
3
,

9
13
,

5
7
,

11
15
,

3
4
,

13
17
, …

}

𝑘 = 5
{

0
1
,

1
6
,

2
7
,

3
8
,

4
9
,

1
2
,

6
11
,

7
12
,

8
13
,

9
14
,

2
3
,

11
16
,

12
17
,

13
18
, …

}

TABLE 18 | Table of the slope of the words 𝑤
𝐵
(1; 𝑛, 𝑘), that is,

slope
(
𝑤
𝐵
(1; 𝑛, 𝑘)

)
, for the cases when 𝑘 ∈ {2, 3, 4, 5}.

𝒌
{

slope
(
𝒘
𝑩
(1;𝒏, 𝒌)

)}∞
𝒏=𝒌

𝑘 = 2
{

1
1
,

2
3
,

1
2
,

2
5
,

1
3
,

2
7
,

1
4
,

2
9
,

1
5
,

2
11
,

1
6
,

2
13
,

1
7
,

2
15
,

1
8
, …

}

𝑘 = 3
{

1
1
,

3
4
,

3
5
,

1
2
,

3
7
,

3
8
,

1
3
,

3
10
,

3
11
,

1
4
,

3
13
,

3
14
,

1
5
,

3
16
, …

}

𝑘 = 4
{

1
1
,

4
5
,

2
3
,

4
7
,

1
2
,

4
9
,

2
5
,

4
11
,

1
3
,

4
13
,

2
7
,

4
15
,

1
4
,

4
17
,

2
9
, …

}

𝑘 = 5
{

1
1
,

5
6
,

5
7
,

5
8
,

5
9
,

1
2
,

5
11
,

5
12
,

5
13
,

5
14
,

1
3
,

5
16
,

5
17
,

5
18
, …

}

Some properties of Farey fractions are given as follows.

It is easy to see that 𝐹
𝑛
⊂ 𝐹

𝑛+1 with 𝑛 ∈ ℕ.

Let 𝑎
𝑏

<
𝑐

𝑑

be consecutive Farey fractions. Then their mediant 𝑎+𝑏
𝑐+𝑑

satisfies
𝑎

𝑏

<

𝑎 + 𝑏
𝑐 + 𝑑

<

𝑐

𝑑

.

If 𝑎

𝑏

and 𝑐

𝑑

are consecutive Farey fractions, then the following
equality holds true:

𝑎𝑑 − 𝑏𝑐 = −1

(cf . [28, p. 98]).

Fractions that appear as neighbors in a set of consecutive Farey
fractions have closely associated with the concept of the contin-
ued fraction expansions, and every fraction has two continued
fraction expansions. For further properties on the Farey fractions
and continued fractions, the interested reader may refer to the
book of Apostol [28].

By choosing the penultimate element of each set of consecutive
Farey fractions {𝐹1, 𝐹2, … , 𝐹

𝑛−1, 𝐹𝑛}, we obtain the following
new set of Farey fractions:

0,𝑛 ∶=
{0

1
,

1
2
,

2
3
,

3
4
,

4
5
,

5
6
,

6
7
, … ,

𝑛

𝑛 + 1
,

𝑛 + 1
𝑛 + 2

, …
}

(39)

so that 𝑛 ∈ ℕ0.

On the other hand, by choosing the second element of each set of
consecutive Farey fractions {𝐹1, 𝐹2, … , 𝐹

𝑛−1, 𝐹𝑛}, we obtain the
following another new set of Farey fractions:

1,𝑛 ∶=
{1

1
,

1
2
,

1
3
,

1
4
,

1
5
,

1
6
,

1
7
, … ,

1
𝑛

,

1
𝑛 + 1

, …
}

(40)

so that 𝑛 ∈ ℕ0.
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TABLE 19 | Table of the slopes of the words
𝐵
(𝑥; 𝑛, 𝑘), that is, slope

(

𝐵
(𝑥; 𝑛, 𝑘)

)
.

𝒌
{

slope
(

𝑩
(𝒙;𝒏, 𝒌)

)}∞
𝒏=0 Corresponding sequence

𝑘 = 0
{

1
1
,

2
4
,

3
7
,

4
10
,

5
13
,

6
16
,

7
19
,

8
22
,

9
25
,

10
28
,

11
31
, …

} {
𝑛+1

3𝑛+1

}∞

𝑛=0

𝑘 = 1
{

0
1
,

2
4
,

5
10
,

9
19
,

14
31
,

20
46
,

27
64
,

35
85
,

44
109
,

54
136
,

65
166
, …

} {
𝑛(𝑛+3)

3𝑛2+3𝑛+1

}∞

𝑛=0

𝑘 = 2
{

0
1
,

0
1
,

3
7
,

9
19
,

19
40
,

34
73
,

55
121
,

83
187
,

119
274
,

164
385
,

219
523
, …

}
New Sequence

By implementing Equation (38) in the Wolfram Language, we
write the following procedure, CalculateWordSlope:

CalculateWordSlope[w_?StringQ]:=StringCount[w,
“1”]/StringLength[w]

for calculating the slope of the word 𝑤.

By executing the procedure CalculateWordSlope with the
input words 𝑤

𝐵
(𝑥; 𝑛, 1) for 𝑥 ∈ Σ = {0, 1}, we obtain the same

list respectively given in (39) and (40). Therefore, we arrive at the
assertion of the following theorem:

Theorem 8. Let 𝑛 ∈ ℕ. Then, we have

ℱ0,𝑛 =
{

slope
(
𝑤
𝐵
(0; 𝑛, 1)

)}∞
𝑛=1. (41)

Theorem 9. Let 𝑛 ∈ ℕ. Then, we have

ℱ1,𝑛 =
{

slope
(
𝑤
𝐵
(1; 𝑛, 1)

)}∞
𝑛=1. (42)

Remark 10. Observe from Tables 17 and 18 that each sequence
in the tables is a sequence of Farey type fractions. However, in
case 𝑘 > 1, it is an open problem how the sequence of the slopes
of the words to be chosen and from which set of Farey fractions
similar to the above methods.

Remark 11. Let 𝑎
𝑏

be a rational number whose numerator and
denominator are co-primes, that is, (𝑎, 𝑏) = 1. Then, the Ford cir-
cle 𝐶(𝑎, 𝑏) belonging to the fraction 𝑎

𝑏

is defined as the circle in
the complex plane with radius 1

2𝑏2 and center at the point 𝑎
𝑏

+ 𝑖

2𝑏2

so that 𝑖2 = −1 (cf . [28, p. 99]).

At this stage, another question comes to mind as follows:

If so, what are the relations between the Ford circles and the
geometry arising from the sets 0,𝑛 and 1,𝑛, respectively?

Remark 12. Observe that the sets 0,𝑛 and 1,𝑛 form a con-
vergent subsequences derived from the sequence of consecutive
Farey fractions although each of 𝐹1, 𝐹2, … , 𝐹

𝑛−1, 𝐹𝑛, … is not
convergent.

Since every convergent sequence is a Cauchy sequence, we also
conclude that each of the sets 0,𝑛 and 1,𝑛 forms a Cauchy
sequence.

In Table 19, the second and third columns, respectively, shows
the first terms of the sequences

{
slope

(

𝐵
(𝑥; 𝑛, 𝑘)

)}∞
𝑛=0 for

𝑘 ∈ {0, 1, 2} and the symbolic notations of the corresponding
sequences (if exist).

Remark 13. The fact that the Bernstein-based words have
quite high potential to be a tool for establishing a relationship
with diverse areas is an indication of that they may offer the
opportunity to work in very different areas. For example, inte-
grating the old Babylonian algorithm with the Bernstein-based
words may potentially offer a new perspective on the study of
special words. Indeed, the old Babylonian algorithm is one of the
well-known iterative methods used for solving diverse mathemat-
ical problems oriented calculation of the square root of a num-
ber. When we represent the obtained root via this algorithm as a
fraction, the fraction obtained with the old Babylonian algorithm
can have a relationship with the Farey fractions resulting from
the Bernstein-based words. Therefore, this potential relationship
may also offer a new field of study to those working on the rele-
vant algorithm. For further details on old Babylonian algorithm
and its some applications, refer to [29], and the references therein.

6 | Conclusion

After recalling the generating functions for some special numbers
and polynomials, we introduced a new family of words by calling
them as the Bernstein-based words. We also investigated funda-
mental properties of these words and gave some examples and
tables regarding them. In addition, we provided two schematic
algorithms for these words. For evaluating the Bernstein-based
words, we provided computational implementations in the Wol-
fram language associated with the newly defined words. For the
lengths of the Bernstein-based words, we also constructed some
finite sums and generating functions. Using these functions, we
derived some relations and results pertaining to the length of the
Bernstein-based words. We also derived some relations between
the slopes of the Bernstein-based words and the Farey fractions.

As a conclusion, our paper contains lots of new results related to
the newly defined concepts called Bernstein-bsed words. More-
over, our paper includes various open questions and remarks
within its content. Due to the results and observations in this
paper, we gave an idea of combinatorial modeling on DNA
sequencing which have the potential to find an application in
not only DNA sequencing and also pharmaceutical technologies,
biotechnology, microbiology, and so on. We also assumed that
DNA sequences some living species can be coded or decoded by
our combinatorial model.

The new definitions, results, applications, and also open prob-
lems presented in this study can provide research potential from

Mathematical Methods in the Applied Sciences, 202512834
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different perspectives for both mathematicians and those work-
ing in other applied sciences.

By using the constructed Bernstein-based words and the pro-
posed models, we establish the following future plans:

In the near future, it is planned to investigate new DNA sequenc-
ing models and create new tools for biologists and bioinformati-
cians with their collaboration. When these plans are realized,
new models that may emerge may be beneficial for the validation
of real DNA sequencing data and exploring their applications in
drug design.

To be noted, the algorithmic complexity of the given algorithm
has not been investigated in this study. Only the outputs of the
algorithms obtained have been focused on. Therefore, addition-
ally to the above future plan, investigating the complexity of the
algorithm and obtaining its applications are also among our near
future plans.

The other near future plan is to optimize the existing computa-
tional implementations in the Wolfram Language and explore an
alternative platform or parallel computing frameworks in order
to improve the efficiency and scalability of working with the
Bernstein-based words.
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